
Int. J. Open Problems Complex Analysis, Vol. 11, No. 3, November 2019
ISSN 2074-2827; Copyright c©ICSRS Publication, 2019
www.i-csrs.org

Starlikeness And Convexity of Analytic Functions

Using Multiplier Transformation

Pardeep Kaur, Sukhwinder Singh Billing

Department of Applied Sciences,
Baba Banda Singh Bahadur Engineering College,

Fatehgarh Sahib-140407, Punjab, INDIA.
e-mail: aradhitadhiman@gmail.com

Department of Mathematics,
Sri Guru Granth Sahib World University,
Fatehgarh Sahib-140407, Punjab, INDIA.

e-mail: ssbilling@gmail.com

Received 1 August 2019; Accepted 18 September 2019
Communicated by Iqbal H. Jebril

Abstract

In the present paper, we find certain results on multiplier transfor-
mation. As particular cases to our main result, we derive certain results
for starlike and convex functions.
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1 Introduction

Let H denote the class of functions f, analytic in the open unit disk E = {z ∈
C : |z| < 1} in the complex plane C. Let Ap(m) be the subclass of H, consist
functions of the form

f(z) = zp +
∞∑

k=p+m

akz
k, for p, m ∈ N = {1, 2, 3, . . . },
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which are analytic and p−valent in the open unit disk E. A function f ∈ Ap(m)
is said to be p−valently starlike if and only if

<
(
zf ′(z)

f(z)

)
> 0, z ∈ E.

The class of such functions is denoted by S∗p (m). A function f ∈ Ap(m) is said
to be p−valently convex in E, if and only if

<
(

1 +
zf ′′(z)

f ′(z)

)
> 0, z ∈ E.

We denote by Kp(m), the class of all functions f ∈ Ap(m) that are p−valently
convex in E. Note that S∗1 (1) = S∗ and K1(1) = K are the usual classes
of univalent starlike functions and univalent convex functions. Also note
that A1(1) = A. For f ∈ Ap(1)(= Ap), define the multiplier transformation
Ip(n, λ), as:

Ip(n, λ)f(z) = zp +
∞∑

k=p+1

(
k + λ

p+ λ

)n
akz

k, (λ ≥ 0, n ∈ N0 = N ∪ {0}),

The special case I1(n, 0) of the above defined operator is the well-known
Sǎlǎgean [6] derivative operator Dn, defined for f ∈ A as given below:

Dnf(z) = z +
∞∑
k=2

knakz
k.

Let f and g be two analytic functions in E. Then we say f is subordinate to g
in E, denoted by f ≺ g if there exist a Schwarz function w analytic in E with
w(0) = 0 and |w(z)| < 1, z ∈ E such that f(z) = g(w(z)), z ∈ E. In case the
function g is univalent, the above subordination is equivalent to f(0) = g(0)
and f(E) ⊂ g(E).

The differential operator (1− λ)

(
f(z)

zp

)α
+ λ

zf ′(z)

pf(z)

(
f(z)

zp

)α
was studied by

Liu [3] to make certain estimates on

(
f(z)

zp

)α
, where α > 0, λ ≥ 0 are some

real numbers and f ∈ Ap. In 2014, Billing [1] studied a differential inequality
for f ∈ Ap involving multiplier transformation as:∣∣∣∣∣
(
Ip(n, λ)f(z)

zp

)β [
1− α + α

Ip(n+ 1, λ)f(z)

Ip(n, λ)f(z)

]
− 1

∣∣∣∣∣ < M(α, β, λ, δ, p),

where α, β and δ are real numbers such that α >
2

1− δ
, 0 ≤ δ < 1, β > 0

and M, 0 < M = M(α, β, λ, δ, p) =
[α + β(p+ λ)][α(1− δ)− 2]

α[1 + β(1− δ)(p+ λ)]
, z ∈ E.
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He obtained certain new criteria for starlikeness and convexity of normalized
analytic functions.

Recently, Darwish et al. [2] studied the class Bp(m, α, λ, µ), for f ∈ Ap(m),
defined as: ∣∣∣∣(1− λ)

(
f(z)

zp

)α
+ λ

zf ′(z)

pf(z)

(
f(z)

zp

)α
− 1

∣∣∣∣ < µ, z ∈ E,

where α > 0, λ ≥ 0, 0 < µ ≤ 1. They obtained the conditions of starlikeness
for the members of class Bp(m, α, λ, µ) and discussed starlikeness of certain
integral operators.
In the present paper, we study the following differential inequality∣∣∣∣∣
(
Ip(n, λ)f(z)

zp

)β [
1− α + α

Ip(n+ 1, λ)f(z)

Ip(n, λ)f(z)

]
− 1

∣∣∣∣∣ < M(α, β, λ, p), z ∈ E,

where α, β are real numbers such that 0 < α ≤ 1, β > 0, to obtain certain
results for starlike and convex functions.

2 Preliminaries

We shall use the following lemmas to prove our main result.

Lemma 2.1. [4] Let h be a convex function in E (i.e. h is analytic and
univalent in E and h(E) is a convex domain), h(0) = 1 and let g(z) = 1 +
bnz

n + bn+1z
n+1 + . . . be analytic in E. If

g(z) +
1

c
zg′(z) ≺ h(z),

then

g(z) ≺ c

n
z−

c
n

∫ z

0

t
c
n
−1h(t)dt,

where c 6= 0 and <{c} ≥ 0.

Lemma 2.2. [5] Let 0 < µ1 < µ < 1 and let g be analytic in E, satisfying

g(z) ≺ 1 + µ1(z), g(0) = 1,

(a) If p is analytic in E, p(0) = 1 and satisfies

g(z)[γ + (1− γ)p(z)] ≺ 1 + µz,
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where

γ =


1− µ
1 + µ1

, 0 < µ+ µ1 ≤ 1

1− (µ2 + µ2
1)

2(1− µ2
1)

, µ2 + µ2
1 ≤ 1 ≤ µ+ µ1

(1)

then <{p(z)} > 0, z ∈ E.

(b) If w is analytic in E, with w(0) = 0 and

g(z)[1 + w(z)] ≺ 1 + µz,

then

|w(z)| ≤ µ+ µ1

1− µ1

= r ≤ 1, µ+ 2µ1 ≤ 1. (2)

The value of γ given by (1) and the bounds (2) are best possible.

3 Main Results

Theorem 3.1. Let β be a real number such that β > 0. If f ∈ Ap satisfies
the differential inequality∣∣∣∣∣
(
Ip(n, λ)f(z)

zp

)β [
1− α + α

Ip(n+ 1, λ)f(z)

Ip(n, λ)f(z)

]
− 1

∣∣∣∣∣ < M(α, β, λ, p), z ∈ E,

(3)

(a) where

M =


α[β(p+λ)+α]

β(p+λ)(2−α)+α , 0 < α ≤
√

2β(p+ λ) + (3β(p+λ)−1)2
4

− 3β(p+λ)−1
2

[β(p+λ)+α]
√
2α−1√

α2+2αβ(p+λ)(1+β(p+λ))
,
√

2β(p+ λ) + (3β(p+λ)−1)2
4

− 3β(p+λ)−1
2

≤ α ≤ 1

(4)
then

<
(
Ip(n+ 1, λ)f(z)

Ip(n, λ)f(z)

)
> 0, z ∈ E.

(b) If

∣∣∣∣Ip(n+ 1, λ)f(z)

Ip(n, λ)f(z)
− 1

∣∣∣∣ < r, z ∈ E, where

r =
M [2β(p+ λ) + α]

α[β(p+ λ)(1−M) + α]
, 0 < M ≤ β(p+ λ) + α

3β(p+ λ) + α
, (5)

then

<
(
Ip(n+ 1, λ)f(z)

Ip(n, λ)f(z)

)
> 0, z ∈ E.
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Proof. Let us define

g(z) =

(
Ip(n, λ)f(z)

zp

)β
, z ∈ E,

then g(z) = 1 +
∞∑
k=1

bkz
k is analytic in E.

On differentiating logarithmically, we obtain

zI ′p(n, λ)f(z)

Ip(n, λ)f(z)
− p =

zg′(z)

βg(z)
(6)

In view of the equality

zI ′p(n, λ)f(z) = (p+ λ)Ip(n+ 1, λ)f(z)− λIp(n, λ)f(z),

(6) reduces to
Ip(n+ 1, λ)f(z)

Ip(n, λ)f(z)
= 1 +

zg′(z)

β(p+ λ)g(z)

Therefore, in view of (3), we have

g(z) +
α

β(p+ λ)
zg′(z) ≺ 1 +Mz,

with h(z) = 1 +Mz, from Lemma 2.1, we have

g(z) ≺ 1 +
β(p+ λ)M

β(p+ λ) + α
z = 1 +M1z, 0 ≤M1 =

β(p+ λ)M

β(p+ λ) + α
< M < 1, (7)

since (3) is equivalent to(
Ip(n, λ)f(z)

zp

)β [
(1− α) + (1− (1− α))

Ip(n+ 1, λ)f(z)

Ip(n, λ)f(z)

]
≺ 1+Mz, z ∈ E.

(8)

Substituting g(z) =

(
Ip(n, λ)f(z)

zp

)β
, w(z) =

Ip(n+ 1, λ)f(z)

Ip(n, λ)f(z)
and γ =

(1 − α), where α, M, M1 and g(z) satisfy the relation (4) and (7), thus
conditions in Lemma 2.2(a) are satisfied.
Hence

<w(z) > 0, z ∈ E, i.e. <
(
Ip(n+ 1, λ)f(z)

Ip(n, λ)f(z)

)
> 0.
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(b) Writing (3) as given below:(
Ip(n, λ)f(z)

zp

)β [
1 + α

(
Ip(n+ 1, λ)f(z)

Ip(n, λ)f(z)
− 1

)]
≺ 1 +Mz. (9)

Substituting g(z) =

(
Ip(n, λ)f(z)

zp

)β
, w(z) = α

(
Ip(n+ 1, λ)f(z)

Ip(n, λ)f(z)
− 1

)
, M

and M1 as mentioned above. Using Lemma 2.2 (b), we have∣∣∣∣Ip(n+ 1, λ)f(z)

Ip(n, λ)f(z)
− 1

∣∣∣∣ < r,

where r is given by (5).

For p = 1 and λ = 0 in Theorem 3.1, we get the following result involving
Sǎlǎgean operator:

Theorem 3.2. Let β be a real number such that β > 0. If f ∈ A satisfies∣∣∣∣∣
(
Dnf(z)

z

)β [
1− α + α

Dn+1f(z)

Dnf(z)

]
− 1

∣∣∣∣∣ < M, z ∈ E,

(a) where

M =


α(β + α)

β(2− α) + α
, 0 < α ≤

√
2β +

(3β − 1)2

4
− 3β − 1

2
(β + α)

√
2α− 1√

α2 + 2αβ(1 + β)
,

√
2β +

(3β − 1)2

4
− 3β − 1

2
≤ α ≤ 1

then

<
(
Dn+1f(z)

Dnf(z)

)
> 0, z ∈ E.

(b) If

∣∣∣∣Dn+1f(z)

Dnf(z)
− 1

∣∣∣∣ < r, z ∈ E, where

r =
M [2β + α]

α[β(1−M) + α]
, 0 < M ≤ β + α

3β + α
,

then

<
(
Dn+1f(z)

Dnf(z)

)
> 0, z ∈ E.

Setting n = λ = 0 in Theorem 3.1, we obtain the following result of Darwish
et al. [2]:



Starlikeness And Convexity of Analytic Functions... 35

Corollary 3.3. Let β be a real number such that β > 0 and let f ∈ Ap
satisfy the differential inequality∣∣∣∣∣(1− α)

(
f(z)

zp

)β
+ α

zf ′(z)

pf(z)

(
f(z)

zp

)β
− 1

∣∣∣∣∣ < M,

(a) where

M =


α(pβ + α)

pβ(2− α) + α
, 0 < α ≤

√
2pβ +

(3pβ − 1)2

4
− 3pβ − 1

2
(pβ + α)

√
2α− 1√

α2 + 2pαβ(1 + pβ)
,

√
2pβ +

(3pβ − 1)2

4
− 3pβ − 1

2
≤ α ≤ 1

then

<
(
zf ′(z)

f(z)

)
> 0, z ∈ E.

Hence f ∈ S∗p

(b) If

∣∣∣∣zf ′(z)

pf(z)
− 1

∣∣∣∣ < r, z ∈ E, where

r =
M(2βp+ α)

α[pβ(1−M) + α]
, 0 < M ≤ pβ + α

3pβ + α
,

then

<
(
zf ′(z)

f(z)

)
> 0, z ∈ E,

i.e. f ∈ S∗p .

On taking α = 1 in above theorem, from part(a), we get the result of Yang
[7] :

Corollary 3.4. If f ∈ Ap satisfies

(a) ∣∣∣∣∣zf ′(z)

pf(z)

(
f(z)

zp

)β
− 1

∣∣∣∣∣ < pβ + 1√
1 + 2pβ(pβ + 1)

then f is p−valently starlike.

(b) If

∣∣∣∣zf ′(z)

f(z)
− 1

∣∣∣∣ < M [2βp+ 1]

βp(1−M) + 1
, z ∈ E, where 0 < M ≤ βp+ 1

3βp+ 1
,

then f ∈ S∗p .
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Taking β = 1 in Corollary 3.3, we obtain:

Corollary 3.5. Let α be real number such that 0 < α ≤ 1 and let f ∈ Ap
satisfy the inequality ∣∣∣∣(1− α)

f(z)

zp
+ α

f ′(z)

pzp−1
− 1

∣∣∣∣ < M,

(a) where

M =


α(p+ α)

2p+ α(1− p)
, 0 < α ≤

√
2p+

(3p− 1)2

4
− 3p− 1

2
(p+ α)

√
2α− 1√

α2 + 2pα(1 + p)
,

√
2p+

(3p− 1)2

4
− 3p− 1

2
≤ α ≤ 1

then

<
(
zf ′(z)

f(z)

)
> 0, z ∈ E,

i.e. f ∈ S∗p .

(b) If

∣∣∣∣zf ′(z)

pf(z)
− 1

∣∣∣∣ < M [2p+ α]

α[p(1−M) + α]
, z ∈ E, where 0 < M ≤ p+ α

3p+ α
,

then

<
(
zf ′(z)

f(z)

)
> 0, z ∈ E,

i.e. f ∈ S∗p .

Selecting n = 1, λ = 0 in Theorem 3.1, we obtain the following result:

Corollary 3.6. Let β be a real number such that β > 0. If f ∈ Ap satisfies
the differential inequality∣∣∣∣∣(1− α)

(
f ′(z)

pzp−1

)β
+
α

p

(
1 +

zf ′′(z)

f ′(z)

)(
f ′(z)

pzp−1

)β
− 1

∣∣∣∣∣ < M,

(a) where

M =


α(pβ + α)

pβ(2− α) + α
, 0 < α ≤

√
2pβ +

(3pβ − 1)2

4
− 3pβ − 1

2
(pβ + α)

√
2α− 1√

α2 + 2pαβ(1 + pβ)
,

√
2pβ +

(3pβ − 1)2

4
− 3pβ − 1

2
≤ α ≤ 1

then

<
(

1 +
zf ′′(z)

f ′(z)

)
> 0, z ∈ E,

i.e. f ∈ Kp.
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(b) If

∣∣∣∣1p
(

1 +
zf ′′(z)

f ′(z)

)
− 1

∣∣∣∣ < M [2βp+ α]

α[βp(1−M) + α]
, z ∈ E,

where

0 < M ≤ βp+ α

3βp+ α
,

then f ∈ Kp.

Taking β = 1 in the above corollary, we have:

Corollary 3.7. If f ∈ Ap satisfies∣∣∣∣(1− α)
f ′(z)

pzp−1
+
α

p

(
1 +

zf ′′(z)

f ′(z)

)
f ′(z)

pzp−1
− 1

∣∣∣∣ < M,

(a) where

M =


α(p+ α)

2p+ (1− p)α
, 0 < α ≤

√
2p+

(3p− 1)2

4
− 3p− 1

2
(p+ α)

√
2α− 1√

α2 + 2pα(1 + p)
,

√
2p+

(3p− 1)2

4
− 3p− 1

2
≤ α ≤ 1

then

<
(

1 +
zf ′′(z)

f ′(z)

)
> 0, z ∈ E,

i.e. f ∈ Kp.

(b) If

∣∣∣∣1p
(

1 +
zf ′′(z)

f ′(z)

)
− 1

∣∣∣∣ < M [2p+ α]

α[p(1−M) + α]
, z ∈ E,

where

0 < M ≤ p+ α

3p+ α
,

then f ∈ Kp.

Taking p = 1 in Corollary 3.3, we get;

Corollary 3.8. Let β be a real number such that β > 0 and let f ∈ A
satisfies ∣∣∣∣∣(1− α)

(
f(z)

z

)β
+ α

zf ′(z)

f(z)

(
f(z)

z

)β
− 1

∣∣∣∣∣ < M,
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(a) where

M =


α(β + α)

β(2− α) + α
, 0 < α ≤

√
2β +

(3β − 1)2

4
− 3β − 1

2
(β + α)

√
2α− 1√

α2 + 2αβ(1 + β)
,

√
2β +

(3β − 1)2

4
− 3β − 1

2
≤ α ≤ 1

then

<
(
zf ′(z)

f(z)

)
> 0, z ∈ E.

Hence f ∈ S∗

(b) If

∣∣∣∣zf ′(z)

f(z)
− 1

∣∣∣∣ < r, z ∈ E, where

r =
M(2β + α)

α[β(1−M) + α]
, 0 < M ≤ β + α

3β + α
,

then

<
(
zf ′(z)

f(z)

)
> 0, z ∈ E,

i.e. f ∈ S∗.

For p = 1 in Corollary 3.6, we have:

Corollary 3.9. Let β be a real number such that β > 0. If f ∈ A satisfies
the inequality ∣∣∣∣(f ′(z))β

[
1 + α

zf ′′(z)

f ′(z)

]
− 1

∣∣∣∣ < M,

(a) where

M =


α(β + α)

β(2− α) + α
, 0 < α ≤

√
2β +

(3β − 1)2

4
− 3β − 1

2
(β + α)

√
2α− 1√

α2 + 2αβ(1 + pβ)
,

√
2β +

(3β − 1)2

4
− 3β − 1

2
≤ α ≤ 1

then

<
(

1 +
zf ′′(z)

f ′(z)

)
> 0, z ∈ E,

i.e. f ∈ K.

(b) If ∣∣∣∣zf ′′(z)

f ′(z)

∣∣∣∣ < M(2β + α)

α[β(1−M) + α]
, where 0 < M ≤ β + α

3β + α
,
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then

<
(

1 +
zf ′′(z)

f ′(z)

)
> 0, z ∈ E,

i.e. f ∈ K.

Putting λ = p = 1 and n = 0 in Theorem 3.1, we get:

Corollary 3.10. Let β be a real number such that β > 0 and let f ∈ A
satisfy ∣∣∣∣∣(1− α

2

)(f(z)

z

)β
+
α

2

f ′(z)(f(z))β−1

zβ−1
− 1

∣∣∣∣∣ < M,

where

(a) where

M =


α(2β + α)

2β(2− α) + α
, 0 < α ≤

√
4β +

(6β − 1)2

4
− 6β − 1

2
(2β + α)

√
2α− 1√

α2 + 4αβ(1 + 2β)
,

√
4β +

(6β − 1)2

4
− 6β − 1

2
≤ α ≤ 1

then

<
(

1 +
zf ′(z)

f(z)

)
> 0, z ∈ E.

(b) If

∣∣∣∣zf ′(z)

f(z)

∣∣∣∣ < r, z ∈ E, where

r =
M [4β + α]

α[2β(1−M) + α]
, 0 < M ≤ 2β + α

6β + α
,

then

<
(

1 +
zf ′(z)

f(z)

)
> 0, z ∈ E.

4 Open Problem

In the present paper, the parameter α varies from zero to one. The results are
still open for the rest range of real number α.
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