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Abstract

In this paper, by using the q-S¼al¼agean operator we de�ne a class of univalent
functions with complex order and obtain some coe¢ cient bounds for functions
belonging to this class.

Keywords: Analytic, starlike and convex functions, subordination, Fekete-
Szegö problem, complex order, q-S¼al¼agean di¤erence operator.
2010 Mathematical Subject Classi�cation: 30C45.

1 Introduction

Let A be the class of analytic functions of the form:

f(z) = z +
1X
k=2

akz
k ; (z 2 U = fz : z 2 C and jzj < 1g) (1)

and S be the subclass of A which are univalent. For two functions f(z) and
g(z), analytic in U, f(z) is subordinate to g(z) (f(z) � g(z)), if there exists a
function !(z), analytic in U with !(0) = 0 and j!(z)j < 1; f(z) = g(!(z)) and
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if g(z) is univalent in U, then (see for details [17] and [25]):

f(z) � g(z)() f(0) = g(0) and f(U) � g(U):

Let } be the class of all analytic and univalent functions � in U with
�(0) = 1; ��(0) > 0.
In [24] for f 2 S, Ma and Minda de�ned the classes S�(�) and C(�)

satisfying zf
0
(z)

f(z)
� �(z) and1 + zf

00
(z)

f
0
(z)

� �(z); respectively, which for �(z) =
1+(1�2�)z

1�z reduce to the classes S�(�) and C(�) ( the classes of starlike and
convex functions of order �; respectively (0 � � < 1)):
For a function f(z) 2 S; given by (1) and 0 < q < 1; the Jackson�s

q�derivative is de�ned by [23] (also see [1], [7], [11], [15], [20], [33], [34], [36]
and [37]):

Dqf(z) =
f(qz)� f(z)
(q � 1) z ; (z 2 U; 0 < q < 1; z 6= 0) ;

= 1 +
1X
k=2

[k]q akz
k�1; (2)

Dqf(0) = f
0
(0) and

[k]q =
1� qk
1� q (0 < q < 1): (3)

For f 2 A; Govindaraj and Sivasubramanian [21] de�ned and discussed the
S¼al¼agean q� di¤erence operator by:

D0
qf(z) = f(z)

D1
qf(z) = zDqf(z)

Dn
q f(z) = zDq(D

n�1
q f(z))

Dn
q f(z) = z +

1X
k=2

[k]nq akz
k (n 2 N0 = N [ f0g;N = f1; 2; :::g; 0 < q < 1; z 2 U):

(4)

We note that

lim
q!1�

Dn
q f(z) = D

nf(z) = z +
1X
k=2

knakz
k (n 2 N0; z 2 U); (5)

where Dnf(z) is the S¼al¼agean operator [32] (see also [2], [3], [4], [5], [6], [8],
[10], [13], [14] and [22]).
Making use of the q�S¼al¼age¼an operator Dn

q ; we introduce a new class of
analytic functions as following:
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De�nition 1. A function f(z) 2 S is said to be in the class Mn(q; b; �; �);
if

1+
1

b

h
(1��)Dn+1

q f(z)+�Dn+2
q f(z)

(1��)Dn
q f(z)+�D

n+1
q f(z)

� 1
i
� �(z) (b 2 C� = Cnf0g; 0 � � � 1; n 2 N0):

For suitable choices of n; b; q; � and �(z); we obtain subclasses:
(i) Mn(q; 1; �;�) = P�nq (�; �) (see [19]);
(ii) limq!1�M

n(q; b; �;�) =M b
�;n(�) (see [18]);

(iii) limq!1�M
n(q; 1; �;�) =M�;n(�) (see [30]);

(iiii) limq!1�M
n(q; b; 0;�) = Hn(b; �) (see [12]);

(v)limq!1�M
0(q; 1; �;�) =M�(�) (see [35]);

(vi)limq!1�M
n(q; b; 0; 1+Az

1+Bz
) = Hb

n(A;B) (see [16]);
(vii)limq!1�M

n(q; b; 0; 1+z
1�z ) = S

n(b) (see [7]);
(viii)limq!1�M

0(q; b; 0; 1+z
1�z ) = S(b) (see [28], [29] and [9]);

(viiii)limq!1�M
1(q; b; 0; 1+z

1�z ) = C(b) (see [26], [27] and [9]);
(x)limq!1�M

0(q; b; 0;�) = S�(b; �) and limq!1�M
1(q; b; 0;�) = C(b; �)

(see [31]).
In order to prove our results, we need the following lemmas.
Lemma 1[24]. If p(z) = 1+ c1z+ c2z2+ ::: is a function with positive real

part in U and � is a complex number, then��c2 � �c21�� � 2max f1; j2�� 1jg :
The result is sharp for the function

p(z) =
1 + z2

1� z2 and p(z) =
1 + z

1� z :

Lemma 2 [24]. If p1(z) = 1 + c1z + c2z2 + ::: is an analytic function with a
positive real part in U, then

��c2 � vc21�� �
8<:
�4v + 2; if v � 0;
2; if 0 � v � 1;

4v � 2; if v � 1;

when v < 0 or v > 1; the equality holds if and only if p(z) is 1+z
1�z or one of its

rotations. If 0 < v < 1; then the equality holds if and only if p(z) is 1+z2

1�z2 or
one of its rotations. If v = 0; the equality holds if and only if

p1(z) =

�
1 + �

2

�
1 + z

1� z +
�
1� �
2

�
1� z
1 + z

(0 � � � 1) ;

or one of its rotations. If v = 1; the equality holds if and only if

1

p1(z)
=

�
1 + �

2

�
1 + z

1� z +
�
1� �
2

�
1� z
1 + z

(0 � � � 1) ;
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or one of its rotations: Also the above upper bound is sharp, and it can be
improved as follows when 0 < v < 1 :��c2 � vc21��+ v jc1j2 � 2 �

0 < v � 1

2

�
and ��c2 � vc21��+ (1� v) jc1j2 � 2 �

1

2
< v < 1

�
:

2 Main Results

Unless otherwise mentioned, we assume throughout this paper that � � 0; b 2
C�; n 2 N0 and z 2 U:
Using lemma 1, we have the following theorem:
Theorem 1. Let �(z) = 1 + B1z + B2z2 + ::: with �(z) 2 } and B1 6= 0:

If f(z) 2Mn(q; b; �; �); and � is a complex number, then��a3 � �a22�� � B1jbj
[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]

max f1;

jB2
B1
+B1b(1�

[(1��)[3]nq ([3]q�1)+�[3]n+1q ([3]q�1)]
[(1��)[2]nq ([2]q�1)+�[2]n+1q ([2]q�1)]2

�)j
o
: (6)

The result is sharp.
Proof. If f(z) 2 Mn(q; b; �; �); then there is a Schwarz function !; analytic
in U with !(0) = 0 and j!(z)j < 1 such that

1 + 1
b

�
(1��)Dn+1

q f(z)+�Dn+2
q f(z)

(1��)Dn
q f(z)+�D

n+1
q f(z)

� 1
�
= �(!(z)): (7)

De�ne a function p1(z) by

p1(z) =
1+!(z)
1�!(z) = 1 + c1z + c2z

2 + ::: . (8)

Since !(z) is a Schwarz function, we see that Re fp1(z)g > 0 and p1(0) = 1:
De�ne the function p(z) by:

p(z) = 1 +
1

b

�
(1��)Dn+1

q f(z)+�Dn+2
q f(z)

(1��)Dn
q f(z)+�D

n+1
q f(z)

� 1
�

(9)

In view of (7), (8) and (9), we have

�(!(z)) = p(z) = �
�
p1(z)�1
p1(z)+1

�
= �

�
c1z+c2z2+...

2+c1z+c2z2+...

�
= �

n
1
2

h
c1z +

�
c2 � c21

2

�
z2 +

�
c3 � c1c2 + c31

4

�
z3 + :::

io
= 1 + 1

2
c1B1z +

h
1
2
B1

�
c2 � c21

2

�
+ 1

4
c21B2

i
z2 + ::: . (10)
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Now by substituting (10) in (7), we have

1 +
1

b

�
(1��)Dn+1

q f(z)+�Dn+2
q f(z)

(1��)Dn
q f(z)+�D

n+1
q f(z)

� 1
�

= 1 + 1
2
c1B1z +

h
1
2
B1

�
c2 � c21

2

�
+ 1

4
c21B2

i
z2 + ::: .

So, comparing the coe¢ cients we obtain�
(1� �)[2]nq ([2]q � 1) + �[2]n+1q ([2]q � 1)

�
a2 =

B1c1b

2
;

�
[3]nq (1� �)([3]q � 1) + �[3]n+1q ([3]q � 1)

�
a3 ��

[2]nq (1� �)([2]q � 1) + �[2]n+1q ([2]q � 1)
�2
a22

= 1
2
bB1

�
c2 � c21

2

�
+ 1

4
bB2c

2
1;

or, equivalenty,
a2 =

B1c1b

2[[2]nq (1��)([2]q�1)+�[2]n+1q ([2]q�1)]
; (11)

a3 =
bB1

2[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]

n
c2 � 1

2
[1� B2

B1
�B1b]c21

o
: (12)

Therefore,

a3 � �a22 = bB1
2[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]

fc2 � vc21g; (13)

where

v = 1
2

�
1� B2

B1
�B1b

�
1� [[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]

[[2]nq (1��)([2]q�1)+�[2]n+1q ([2]q�1)]
2�

��
: (14)

Our result now follows by using Lemma 1. The result is sharp for the functions

1 +
1

b

�
(1��)Dn+1

q f(z)+�Dn+2
q f(z)

(1��)Dn
q f(z)+�D

n+1
q f(z)

� 1
�
= �(z2)

and
1 +

1

b

�
(1��)Dn+1

q f(z)+�Dn+2
q f(z)

(1��)Dn
q f(z)+�D

n+1
q f(z)

� 1
�
= �(z):

This completes the proof of Theorem 1.
Remark 1.
(i) Putting b = 1 in Theorem 1, we get the result obtained by [ 19, Theorem

1];
(ii) When q ! 1� in Theorem 1, we get the result obtained by [ 18, Theorem

1].
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3 Fekete-Szegö inequalities for the function class
Mn(q; b; �; �)

Theorem 2. Let �(z) = 1 +B1z +B2z2 + :::(Bi > 0; i = 1; 2): Also let

�1 =
[[2]nq (1��)([2]q�1)+�[2]n+1q ([2]q�1)]

2
(bB21+B2�B1)

[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]bB21
; (15)

�2 =
[[2]nq (1��)([2]q�1)+�[2]n+1q ([2]q�1)]

2
(bB21+B2+B1)

[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]bB21
; (16)

�3 =
[[2]nq (1��)([2]q�1)+�[2]n+1q ([2]q�1)]

2
(bB21+B2)

[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]bB21
: (17)

If f(z) 2 Mn(q; b; �;�); then

��a3 � �a22�� �

8>>>>>>>>>>><>>>>>>>>>>>:

B2jbj
[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]

+

jbj2B21
�
1� [[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]

[[2]nq (1��)([2]q�1)+�[2]n+1q ([2]q�1)]
2�

�
� � �1;

jbj
[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]

�1 � � � �2;
�B2jbj

[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]
�

jbj2B21
�
1� [[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]

[[2]nq (1��)([2]q�1)+�[2]n+1q ([2]q�1)]
2�

�
� � �2:

(18)
Further, if �3 � � � �2; then

ja3 � �a22j+
[[2]nq (1��)([2]q�1)+�[2]n+1q ([2]q�1)]

2

[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]bB21
[B1 +B2

� [[3]
n
q (1��)([3]q�1)+�[3]n+1q ([3]q�1)]��[[2]nq (1��)([2]q�1)+�[2]n+1q ([2]q�1)]

2

[[2]nq (1��)([2]q�1)+�[2]n+1q ([2]q�1)]
2 bB21

�
ja2j2

� jbjB1
[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]

: (19)

If �1 � � � �3; then

ja3 � �a22j+
[[2]nq (1��)([2]q�1)+�[2]n+1q ([2]q�1)]

2

[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]jbjB21
[B1 �B2

+
[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]��[[2]nq (1��)([2]q�1)+�[2]n+1q ([2]q�1)]

2

[[2]nq (1��)([2]q�1)+�[2]n+1q ([2]q�1)]
2 bB21

�
ja2j2

� jbjB1
[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]

: (20)

The result is sharp.
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Proof. For f(z) 2 Mn(q; b; �; �); p(z) given by (9) and p1(z) given by (8),
then a2 and a3 are given as same as in Theorem 1. From (13) and (14), we
have:
(1) if � � �1; then v � 0: By applying Lemma 2 to (13), then

ja3 � �a22j �
B1jbj

2[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]
(�4v + 2)

� B2jbj
[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]

+
jbj2B21

[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]
[1� (21)

[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]
[[2]nq (1��)([2]q�1)+�[2]n+1q ([2]q�1)]

2�

�
;

which is evidently inequality (18) of Theorem 2.
If � = �1; then v = 0; then equality holds if and only if

p1(z) = (
1

2
+
1

2
)
1 + z

1� z + (
1

2
� 1
2
)
1� z
1 + z

(0 �  � 1):

(2) if �1 � � � �2; we note that

max

�
1
2

�
1� B2

B1
�B1b

�
1� [[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]

[[2]nq (1��)([2]q�1)+�[2]n+1q ([2]q�1)]
2�

���
� 1;

then applying Lemma 2 to equality (13), we have

ja3 � �a22j �
jbj

[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]
;

which is evidently inequality (18) of Theorem 2. If �1 < � < �2 , then

p1(z) =
1 + z2

1� z2 :

(3) if � � �2; then v � 1: By applying Lemma 2 to (13), then

ja3 � �a22j �
�B2jbj

[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]
�

jbj2B21
�
1� [[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]

[[2]nq (1��)([2]q�1)+�[2]n+1q ([2]q�1)]
2�

�
;

which is evidently inequality (18) of Theorem 2 . If � = �2; then we have
v = 1 therefore equality holds if and only if

1

p1(z)
= (

1

2
+
1

2
)
1 + z

1� z + (
1

2
� 1
2
)
1� z
1 + z

(0 �  � 1; z 2 U):
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For the values �1 < � < �3 , we have

ja3 � �a22j+ (�� �1)ja2j2 (22)

= jbjB1
2[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]

jc2 � vc21j+ [��

[[2]nq (1��)([2]q�1)+�[2]n+1q ([2]q�1)]
2
(bB21+B2�B1)

[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]bB21

�
jbj2B21

4[[2]nq (1��)([2]q�1)+�[2]n+1q ([2]q�1)]
jc1j2

= jbjB1
[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]

�
1

2
(jc2 � vc21j+ vjc1j2)

�
: (23)

Now by applying Lemma 2 to equality (13), we have

ja3 � �a22j+ (�� �1)ja2j2 �
jbjB1

[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]
;

which is evidently inequality (20) of Theorem 2.
Next for the values of �3 < � < �2; we have

ja3 � �a22j+ (�2 � �)ja2j2

= jbjB1
2[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]

jc2 � vc21j+�
[[2]nq (1��)([2]q�1)+�[2]n+1q ([2]q�1)]

2
(bB21+B2+B1)

[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]bB21

��) jbj2B21
4[[2]nq (1��)([2]q�1)+�[2]n+1q ([2]q�1)]

2 jc1j2 = (24)

jbjB1
[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]

�
1

2

�
jc2 � vc21j+ (1� v)jc1j2

��
:

Now applying Lemma 2 to equality (13), we have

ja3 � �a22j+ (�2 � �)ja2j2 �
jbjB1

[[3]nq (1��)([3]q�1)+�[3]n+1q ([3]q�1)]
;

which is inequality (19).
To show that the bounds are sharp, we de�ne the functions ��n (n = 2; 3; 4; :::) ;

z� and �� (0 � � � 1) ; respectively, by

1 +
1

b

h
(1��)Dn+1

q ��n(z)+�D
n+2
q ��n(z)

(1��)Dn
q ��n(z)+�D

n+1
q ��n(z)

� 1
i
= �

�
zn�1

�
;

��n (0) = 0 = �
0

�n (0)� 1;

1 +
1

b

h
(1��)Dn+1

q z�(z)+�Dn+2
q z�(z)

(1��)Dn
qz�(z)+�D

n+1
q z�(z)

� 1
i
= �

�
z (z + �)

1 + �z

�
;

z� (0) = 0 = z
0

� (0)� 1
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and

1 +
1

b

h
(1��)Dn+1

q ��(z)+�D
n+2
q ��(z)

(1��)Dn
q ��(z)+�D

n+1
q ��(z)

� 1
i
= �

�
� 1 + �z

z (z + �)

�
;

�� (0) = 0 = �
0

� (0)� 1:
Clearly, the functions ��n;z� and �� 2 Mn(q; b; �; �): If � < �1 or � > �2;
then the equality holds if and only if f(z) is ��2; or one of its rotations. When
�1 < � < �2; the equality holds if and only if f(z) is ��3; or one of its
rotations. If � = �1; then the equality holds if and only if f(z) is z�; or one
of its rotations. If � = �2; then the equality holds if and only if f(z) is ��; or
one of its rotations. This completes the proof of Theorem 2.
Remark 2.
(i) Putting b = 1 in Theorem 2, we get the result obtained by [19, Theorem

2];
(ii) When q ! 1� in Theorem 2, we get the result obtained by [18, Theorem

2].
For di¤erent values of q,b,�; � in Theorems 1 and 2, we obtain results

corresponding to the classes mentioned in the introduction.

4 Open Problem

The authors suggest to study the class

1 +
1

b

�
(1� �)R�+1q f(z) + �R�+2q f(z)

(1� �)R�q f(z) + �R�+1q f(z)
� 1
�
� '(z);

where R�q f(z)(� > �1) is the q�analogue of Ruscheweyh di¤erential oper-
ator .
Acknowledgment. The authors thank the referees for their valuable sug-

gestions which led to the improvement of the paper.
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