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Abstract

In the present article, our goal is finding estimates on the Taylor-
Maclaurin coefficients |ay| and |as| for a new class of bi-univalent
functions defined by means of the Horadam polynomaials. Fekete-
Szego inequalities of functions belonging to this subclass are also
founded.

Keywords: Analytic functions, Univalent and bi-univalent functions, Fekete-
Szego problem, Horadam polynomials, Coefficient bounds; Subordination.

2020 Mathematical Subject Classification: Primary 30C10, 30C45,
30C50, 33C45; Secondary 11B39.

1 Introduction and Preliminaries
Let A be the family of functions f(z) of the form
f(2) :z+2anz” (1)
n=2

which are analytic in the open unit open disk U = {2 : z € C,|z| < 1}. Let
S be class of all functions in A which are univalent and normalized by the
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conditions
f0)=0=f(0)-1

in U. Two of the most famous subclasses of univalent functions class S are
the class S*(a)(0 < a < 1) of starlike functions of order a and the class
K(a)(0 < o < 1) of convex functions of order a. For two functions f and g,
are analytic in U, we say that the function f is subordinate to g in U, written
as f(z) < g(z),z € U, if there exists an analytic function w(z) defined on U
with

w(0) =0 and |lw(z)| < 1forall ze€U,

such that f(z) = g(w(z)) for all z € U. Also, it is known that
f(z) <9(z) (z€U) = f(0)=9(0) and f(U) C g(U).
For every univalent function f € S with inverse f~!, is defined as
fHf(2) =2 (z€U),

and

fHfw) =w (Jwl <ro(f)iro(f) = 7).

=~ =

where
fH(w) = w+ axw® + (2a3 — 3az)w® — (5a — bagaz + a)w* + ... . (2)

A function f € A is said to be bi-univalent in U if both f(z) and f~!(z) are
univalent in U. Earlier, Lewin [1] investigated the bi-univalent functions and
derived that |as| < 1.51. Later, Brannan and Taha [2], Srivastava et al. [9] and
many researchers (for examples, see [3]-[8]) proved some results within these
coeflicient for different classes.
Moreover, Brannan and Taha [2] introduced certain subclasses of the bi-univalent
function class ¥’ (see [10]), and they found non-sharp estimates for the initial
for the classes S5, (a) and Ky (o) of bi-starlike functions of order av and bi-
convex functions of order o in U, respectively, corresponding to the function
classes S*(a) and K(«).

Up to now, for the coefficient estimate problem for each of the following
Taylor-Maclaurin coefficients |a,|(n € N\ {1,2}) for each f € 3’ given by (1)
is still an open problem.

Recently, Horcum and Kocer [11] considered Horadam polynomials h,,(x),
which are given by the following recurrence relation

hn(x) = prhy_1(x) + qghyp—o(x), (n€ N >2), (3)
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with hy = a, hy = bz, and hy = pbx® + aq where (a,b,p,q are some real
constants) .
The characteristic equation of recurrence relation (3) is

t* — pat —q = 0. (4)
This equation has two real roots;

oo bzt VP22 4 4q
= 5 :

and

g_Pr= VPPE? +4q
- 5 ,
Some special cases of the Horadam polynomials are:

o If a =b=p=q=1, the Fibonacci polynomials sequence is obtained

Fo(x) =2F,_1(z) + F,_2(x), Fi(z) =1, Fy(x) = x.
e [fa=20=p=q=1, the Lucas polynomials sequence is obtained
L, 1(x) =xL, o(x) + Ly—3(z), Lo(x) =2, Li(z) =z
e Ifa=qg=1,b=p=2, the Pell polynomials sequence is obtained

P.(x) =22P, 1(z) + P,o(x), pi(x) =1, Py(z) = 2x.
o If a=b=p=2,q=1, the Pell-Lucas polynomials sequence is obtained
Qn—1<x> = 2$Qn—2(x) + Qn—s(m); QO(SU) =2, Ql(fﬁ) = 2x.

e Ifa=1b=p=2g= —1, the Chebyshev polynomials of second kind
sequence is obtained

Upn-1(z) = 22U, _o(x) + Up—3(z), Up(x) =1, Uy(x) = 2.

e lfa=0=1,p=2,qg= —1, the Chebyshev polynomials of First kind
sequence is obtained

Ton1(x) =22T, o(x) + T,_3(x), To(z) =1, T1(z) = x.

e If x =1, The Horadam numbers sequence is obtained

hno1(1) = pha_a(1) + qha_s(1), ho(1) = a, hy(1) = b,
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More details associated with these polynomials sequences in ([12], [13], [14],
[15]).

Remark 1.1 [12] Let Q(x, z) be the generating function of the Horadam
polynomials h,(z). Then

a+ (b—ap)xt -
Qz,2) = [ —— Zh (5)

In this paper, Our goal is using the Horadam polynomials h,(x) and the
generating function 2(x, z) which are given by the recurrence relation (3) and
(5), respectively, to introduce a new subclass of the bi-univalent function class
Y. Also, we provide the initial coefficients and the Fekete-Szeg6 inequality for
functions belonging to the class ¥'(x).

2 Coefficient Bounds for the Class ¥'(x)

We begin by introducing the class >'(x) of bi-univalent functions in the fol-
lowing definition.

Definition 2.1 A function f € X' given by (1) is said to be in the class
Y/(x), if the following conditions are satisfied:

f/(z) <Qz,2)+1 -« (6)

and
g'(w) < Qz,w)+1 -« (7)

1

where the real constants a, b and q are as in (3) and g = f~' is given by (2).

Theorem 2.2 Let the function f € ¥/ given by (1) be in the class ¥'(x).
Then

o] N

2| < V/b22(3b — 4p) — daq]

jba]  (ba)®
3 4

|as| < —=
and for some n € R,

|2bz| n—1/<1- |4(pba® +qa)|
2 3 » T | = 322
|CL3 - 77@2| < { |bz|3|1—n) ‘ _ 1‘ >1_ |4(pbx2+qa)| : (10)
3b2502—4(pbx2+qa) ? 77 - 3022
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Proof

Let f € ¥’ be given by the Taylor-Maclaurin expansion (1). Then, for
some analytic functions ¥ and ® such that W(0) = ®(0) = 0, |¢(2)| < 1 and
|®(w)| < 1, z,w € U and using Definition 1, we can write

!

[(2) = (e, ®(z)) +1—a

and

/

g9 (W) =w(z,P(w)) +1 -«

or, equivalently,

fl(z) =1+ hi(x) — a+ ho(2)P(2) + ha(z)[®(2)]* + - (11)
and
g (2) = 1+ hi(z) — a+ ho()(w) + ha(2) [ (w)]* + -+ (12)
From (11) and (12), we obtain
f'(2) = 14 ha(2)p1z + [ho(@)ps + hs(x)pi]2 + - -- (13)
and
£(2) = 1+ ho(2)piw + [ha(7) g + ha(x)giw® + - -+ . (14)

Notice that if
\CID(Z)|:|p12+p222—|—p323+...] <1 (ZEU)

and
‘w(’LU)’ = \qlw + q2w2 + q3w3 + ’ <1 (’LU c U),

then
pil <1 and |g| <1 (i€ N).

Thus, upon comparing the corresponding coefficients in (13) and (14), we have

2ay = ha(z)p1 (15)
3az = ha(x)ps + ha(z)p] (16)
—2ay = hy(z)q1 (17)
3 [2a5 — a3] = ho(x)g2 + h3(z)q]. (18)
From (15) and (17), we find that
P1=—q (19)

and
8az = h3(x)(p} + ¢7). (20)
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Also, by using (18) and (16), we obtain
6a5 = ha(x)(p2 + g2) + ha(x)(pT + q7)- (21)

By using (19) in (21), we get

_ 8hs(x) a2 = holx
F mmm42 )t a2 .

From (3), and (22), we have the desired inequality (8).

Next, by subtracting (18) from (16), we have
6 [as — a3] = ha(x)(p2 — g2) + ha(2) (P} — 41)- (23)
In view of (19) and (20), Equation (23) becomes

h _
as = a3 + M (24)
Hence using (19) and applying (3), we get desired inequality (9).
Now, by using (22) and (24) for some ) € R, we get

[ho(2)]*(1 = 1) (P2 + ¢2) . ha(x)(p2 — q2)

= hy(x) K@(n,x) + é) po + <@(n,x) — é) (J2] ;

2 _
as — nay =

where i )2<1 )
- 22 -7
O 2) = Slha(a)2 — Shale)
So, we conclude that
hQ(:L‘) L
jay — a3 < o Pmalsy L
4hy(2)[O(n, )|, |©(n, )| > §

This proves Theorem 2.2.

In light of Remark 1.1, Theorem 2.2 would yield the following known result.

Corollary 2.3 Fort € (1/2,1), let the function f € X' given by (1) be in
the class ¥'(t). Then

(25)
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|as| < %HQ, (26)
and for some n € R,
2 % s n—=1] < 137,532
lag — nas| < { gy,___t21| -1 13_5 } (27)

Taking n = 1 in Corollary 1, we get the following consequence.

Corollary 2.4 Fort € (1/2,1), let the function f € X' given by (1) be in

the class ¥'(t). Then

4t
las — a%] < 3 (28)

3 Future Work

This section suggests obtaining Hankel determinants of second and third order
for the class >'(z) of bi-univalent functions.

Another investigation to consider, Magesh et al. [16] obtained initial esti-
mates for certain subclasses of bi-univalent functions. Obtaining Hankel de-
terminants of second and third order are issues to be investigated.
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