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Abstract

In this paper, we deal with the uniqueness problems on mero-
morphic functions of certain type of q-shift differential-difference
polynomials of zero order with the aid of weighted sharing values.
Moreover, the results of this paper improve and extend some ear-
lier results, which were obtained individually by Dyavanal, Xu and
Cao, etc.
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1 Background

In this paper, we use standard notation and fundamental results of the Nevan-
linna theory([3], [16], [17]). In the uniqueness theory of meromorphic functions,
we study conditions under which there exists essentially only one function sat-
isfying the given hypothesis and hence how to uniquely determine a meromor-
phic function is interesting. Nevanlinna himself proved that any nonconstant
meromorphic function can be uniquely determined by five values. In other
words, if two nonconstant meromorphic functions Φ and Ψ take same five val-
ues at the same points, then Φ ≡ Ψ. There has been an increasing interest in
uniqueness theory of q-shift polynomials can be seen in ([11], [10], [4]). Many
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articles focused on uniqueness of entire or meromorphic functions([12], [2], [18],
[8], [5], [15]). The notation of weighted sharing are explained in ([6], [7], [1]).

In this paper, by introducing the notion of multiplicity we establish the
uniqueness result for q-shift differential-difference polynomial of the form
[ΦnP (Φ(qz + η))](k). Now by taking q = 1 and η = 0 then the polynomial

[ΦnP (Φ(qz + η))](k) reduces to the form [ΦnP (Φ(z))](k) which is same as con-

sidered by Xu et al.([14]). Hence the polynomial [ΦnP (Φ(qz + η))](k) is of more
general form. We also relax the nature of sharing, reduce the lower bound of
n and obtain the following results.

Theorem 1. Let Φ and Ψ be two non-constant meromorphic functions,
whose zeros and poles are of multiplicities atleast s, where s is a positive
integer. Let P (Φ) = amΦm + am−1Φm−1 + ... + a1Φ + a0, (am 6= 0), and
ai(i = 0, 1, ...,m) is nonzero coefficient, and let n, k, m be three positive in-

tegers. If [ΦnP (Φ(qz + η))](k) and [ΨnP (Ψ(qz + η))](k) share (1, l) and one of
the following conditions holds:
(i) l ≥ 2 and s(n+m) > 3k + 10,
(ii) l = 1 and s(n+m) > 5k + 13,
(iii) l = 0 and s(n+m) > 9k + 16,
then either Φ = tΨ for a constant t such that td = 1, where d = (n+m, ...n+
m − i, ..., n), am−i 6= 0 for some i = 0, 1...m, or Φ and Ψ satisfy the algebraic
equation R(Φ,Ψ) ≡ 0, where R(ω1, ω2) = ωn

1P (ω1)− ωn
2P (ω2).

Theorem 2. Let Φ and Ψ be two non-constant entire functions, whose ze-
ros and poles are of multiplicities atleast s, where s is a positive integer.
Let P (Φ) = amΦm + am−1Φm−1 + ... + a1Φ + a0, (am 6= 0), and ai(i =
0, 1, ...,m) is nonzero coefficient, and let n, k, m be three positive integers.

If [ΦnP (Φ(qz + η))](k) and [ΨnP (Ψ(qz + η))](k) share (1, l) and one of the fol-
lowing conditions holds:
(i) l ≥ 2 and s(n+m) > 3k + 5,
(ii) l = 1 and s(n+m) > 4k + 6,
(iii) l = 0 and s(n+m) > 5k + 8,
then either Φ = tΨ for a constant t such that td = 1, where d = (n+m, ...n+
m − i, ..., n), am−i 6= 0 for some i = 0, 1...m, or Φ and Ψ satisfy the algebraic
equation R(f, g) ≡ 0, where R(ω1, ω2) = ωn

1P (ω1)− ωn
2P (ω2).

Remark. In Theorem 2, giving specific values for s, we get the following
interesting cases:
(i) If s = 1, then for l ≥ 2 we get n > 3k+5−m, for l = 1 we get n > 4k+6−m
and for l = 0 we get n > 5k + 8−m.
(ii) If s = 2, then for l ≥ 2 we get n > 3k+5

2
−m, for l = 1 we get n > 2k+3−m
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and for l = 0 we get n > 5k+8
2
−m.

We conclude that if Φ and Ψ have zeros and poles of higher order multi-
plicity, then we can reduce the value of n.

2 Some Lemmas

Lemma 1[3]. Let Φ be a nonconstant meromorphic function, let k be a
positive integer, and let c be a nonzero finite complex number. Then

T (r,Φ) ≤ N(r,Φ) +N

(
r,

1

Φ

)
+N

(
r,

1

Φ(k) − c

)
−N

(
r,

1

Φ(k+1)

)
+ S(r,Φ),

≤ N(r,Φ) +Nk+1

(
r,

1

Φ

)
+N

(
r,

1

Φ(k) − c

)
−N0

(
r,

1

Φ(k+1)

)
+ S(r,Φ).

where N0

(
r, 1

Φ(k+1)

)
is the counting function which only counts those points

such that Φ(k+1) = 0 but Φ(Φ(k) − c) 6= 0.

Lemma 2[16]. Let Φ be a nonconstant meromorphic function and P (Φ) =
a0 + a1Φ + ...+ anΦn,where a0, a1,...,an are constants and an 6= 0. Then

T (r, P (Φ)) = nT (r,Φ) + S(r,Φ).

Lemma 3[13]. Let Φ(z) be a nonconstant meromorphic function of zero
order and let q, η be two nonzero complex constants. Then on a set of lower
logarithmic density 1, we have

T (r,Φ(qz + η)) = T (r,Φ) + S(r,Φ). (1)

Lemma 4[13]. Let Φ(z) be a nonconstant meromorphic function of zero
order and let q, η be two nonzero complex constants. Then on a set of lower
logarithmic density 1, we have

N(r,Φ(qz + η)) = N(r,Φ) + S(r,Φ), (2)

N

(
r,

1

Φ(qz + η)

)
= N

(
r,

1

Φ

)
+ S(r,Φ). (3)

Lemma 5[13]. Let Φ(z) be a nonconstant meromorphic function of zero order
and let q be a nonzero complex number. Then on a set of lower logarithmic
density 1, we have

m

(
r,

Φ(qz + η)

Φ(z)

)
= S(r,Φ). (4)
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Lemma 6([5], [19]). Let Φ be a nonconstant meromorphic function and k
be a positive integer, then

Np

(
r,

1

Φ(k)

)
≤ Np+k

(
r,

1

Φ

)
+ kN(r,Φ) + S(r,Φ),

≤ (p+ k)N

(
r,

1

Φ

)
+ kN(r,Φ) + S(r,Φ).

This lemma can be obtained immediately from the proof of Lemma 2.3 in [5]
which is the case p = 2.

Lemma 7[20]. Let Φ and Ψ be two nonconstant meromorphic functions. If
Φ and Ψ share 1 IM, then

NL

(
r,

1

Φ− 1

)
≤ N

(
r,

1

Φ

)
+N(r,Φ) + S(r,Φ). (5)

Lemma 8[14]. Let Φ and Ψ be two nonconstant entire functions, and let k
be a positive integer. If Φ(k) and Ψ(k) share (1, l) (l = 0, 1, 2), then

(i) If l = 0,

Θ(0,Φ) + δk(0,Φ) + δk+1(0,Φ) + δk+1(0,Ψ) + δk+2(0,Φ) + δk+2(0,Ψ) > 5,

then either Φ(k)Ψ(k) = 1 or Φ ≡ Ψ;

(ii) If l = 1,

1

2
[Θ(0,Φ) + δk(0,Φ) + δk+2(0,Φ)]+δk+1(0,Φ)+δk+1(0,Ψ)+Θ(0,Ψ)+δk(0,Ψ) >

9

2
,

then either Φ(k)Ψ(k) = 1 or Φ ≡ Ψ;

(iii) If l = 2,

Θ(0,Φ) + δk(0,Φ) + δk+1(0,Φ) + δk+2(0,Ψ) > 3,

then either Φ(k)Ψ(k) = 1 or Φ ≡ Ψ.

Lemma 9[12]. Let Φ and Ψ be two nonconstant meromorphic functions,
k(≥ 1) and l (≥ 0) be integers. If Φ(k) and Ψ(k) share (1, l) (l = 0, 1, 2), then
(i) If l ≥ 2,
(k+2)Θ(∞,Φ)+2Θ(∞,Ψ)+Θ(0,Φ)+Θ(0,Ψ)+δk+1(0,Φ)+δk+1(0,Ψ) > k+7,
then either Φ(k)Ψ(k) = 1 or Φ ≡ Ψ;
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(ii) If l = 1,

(2k + 3)Θ(∞,Φ) + 2Θ(∞,Ψ) + Θ(0,Φ) + Θ(0,Ψ) + δk+1(0,Φ) + δk+1(0,Ψ) +
δk+2(0,Φ) > 2k + 9, then either Φ(k)Ψ(k) = 1 or Φ ≡ Ψ;

(iii) If l = 0,

(2k+3)Θ(∞,Φ)+(2k+4)Θ(∞,Ψ)+Θ(0,Φ)+Θ(0,Ψ)+2δk+1(0,Φ)+3δk+1(0,Ψ) >
4k + 13, then either Φ(k)Ψ(k) = 1 or Φ ≡ Ψ.

Lemma 10. Let Φ and Ψ be two non-constant meromorphic functions, and
let n(≥ 1), k(≥ 1) and m(≥ 1) be integers. Then

[ΦnP (Φ(qz + η))](k)[ΨnP (Ψ)(qz + η)](k) 6= 1.

Proof. Let

[ΦnP (Φ(qz + η))](k)[ΨnP (Ψ(qz + η))](k) ≡ 1. (6)

Let z0 be a zero of Φ of order p0. From equation (6) we get z0 is a pole of Ψ.
Suppose that z0 is a pole of Ψ of order q0. Again by equation (6), we obtain
np0 − k = nq0 +mq0 + k,

i.e., n(p0 − q0) = mq0 + 2k.

which implies that q0 ≥ n−2k
m

and so we have p0 ≥ n+m−2k
m

.

Let z1 be a zero of Φ − 1 of order p1, then z1 is a zero of [ΦnP (Φ)](k) of
order p1 − k. Therefore from equation (6) we obtain p1 − k = nq1 +mq1 + k,

i.e., p1 ≥ (n+m)s+ 2k.

Let z2 be a zero of Φ′ of order p2 that is not a zero of ΦP (Φ), then from
equation (6) z2 is a pole of Ψ of order q2. Again by equation (6) we get
p2 − (k − 1) = nq2 +mq2 + k,

i.e., p2 ≥ (n+m)s+ 2k − 1.

In the same manner as above, we have similar results for the zeros of
[ΨnP (Ψ)](k).

On the other hand, suppose that z3 is a pole of f . From equation (6), we
find that z3 is the zero of [ΨnP (Ψ)](k).
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Thus

N(r,Φ) ≤ N

(
r,

1

Ψ

)
+N

(
r,

1

Ψ− 1

)
+N

(
r,

1

Ψ′

)
≤ 1

p0

N

(
r,

1

Ψ

)
+

1

p1

N

(
r,

1

Ψ− 1

)
+

1

p2

N

(
r,

1

Ψ′

)
≤
[

m

n+m− 2k
+

1

(n+m)s+ 2k
+

2

(n+m)s+ 2k − 1

]
T (r,Ψ) + S(r,Ψ).

(7)

By the second fundamental theorem and equation (7), we have

T (r,Ψ) ≤ N

(
r,

1

Φ

)
+N

(
r,

1

Φ− 1

)
+N(r,Φ)

≤ m

n+m− 2k
N

(
r,

1

Φ

)
+

1

(n+m)s+ 2k
N

(
r,

1

Φ− 1

)
+

[
m

n+m− 2k
+

1

(n+m)s+ 2k
+

2

(n+m)s+ 2k − 1

]
T (r,Ψ)

+ S(r,Ψ) + S(r,Φ).

T (r,Φ) ≤
[

m

n+m− 2k
+

1

(n+m)s+ 2k

]
T (r,Φ)

+

[
m

n+m− 2k
+

1

(n+m)s+ 2k
+

2

(n+m)s+ 2k − 1

]
T (r,Ψ)

+ S(r,Ψ) + S(r,Φ).

(8)

Similarly, we have

T (r,Ψ) ≤
[

m

n+m− 2k
+

1

(n+m)s+ 2k

]
T (r,Ψ)

+

[
m

n+m− 2k
+

1

(n+m)s+ 2k
+

2

(n+m)s+ 2k − 1

]
T (r,Φ)

+ S(r,Ψ) + S(r,Φ).

(9)

Adding equations (8) and (9) we get

T (r,Φ) + T (r,Ψ) ≤
[ 2m

n+m− 2k
+

2

(n+m)s+ 2k

+
2

(n+m)s+ 2k − 1

]
{T (r,Φ) + T (r,Ψ)}+ S(r,Ψ)

+ S(r,Φ).

which is a contradiction. Thus the lemma is proved.
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3 Proofs of the Theorems

In this section we present the proofs of the main results.

Proof of Theorem 1.

Let F = ΦnP (Φ(qz + η)) and G = ΨnP (Ψ(qz + η)).

Consider

N

(
r,

1

F

)
= N

(
r,

1

ΦnP (Φ)

)
≤ 1

s(n+m)
N

(
r,

1

F

)
≤ 2

s(n+m)
[T (r, F ) +O(1)].

Θ(0, F ) = 1− lim sup
r→∞

N
(
r, 1

F

)
T (r, F )

≥ 1− 2

s(n+m)
. (10)

Similarly,

Θ(0, G) ≥ 1− 2

s(n+m)
, (11)

and

Θ(∞, F ) = 1− lim sup
r→∞

N (r, F )

T (r, F )
≥ 1− 1

s(n+m)
. (12)

Similarly,

Θ(∞, G) ≥ 1− 1

s(n+m)
. (13)

Consider

Nk+1

(
r,

1

F

)
= Nk+1

(
r,

1

ΦnP (Φ)

)
= (k + 1)N

(
r,

1

ΦnP (Φ)

)
≤ (k + 1)

s(n+m)
[T (r, F ) +O(1)].

Next, we have

δk+1(0, F ) = 1− lim sup
r→∞

Nk+1

(
r, 1

F

)
T (r, F )

≥ 1− (k + 1)

s(n+m)
. (14)

Similarly,

δk+1(0, G) ≥ 1− (k + 1)

s(n+m)
. (15)

Case (i) If l ≥ 2 and from (10) to (15) and also from Lemma 6, we get

∆1 = (k + 2)Θ(∞,Φ) + 2Θ(∞,Ψ) + Θ(0,Φ) + Θ(0,Ψ) + δk+1(0,Φ) + δk+1(0,Ψ)

> (k + 8)− 3k + 10

s(n+m)
.
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Since s(n+m) > 3k + 10, we get ∆1 > k + 7.

Therefore, by Lemma 6, we deduce that either F (k)G(k) ≡ 1 or F ≡ G.

If F (k)G(k) ≡ 1, that is

[Φn(amΦm+am−1Φm−1+...+a1Φ+a0)](k)[Ψn(amΨm+am−1Ψm−1+...+a1Ψ+a0)](k) ≡ 1,
(16)

then by Lemma 7 we can get a contradiction.

Hence, we deduce that F ≡ G, that is

Φn(amΦm+am−1Φm−1+...+a1Φ+a0) = Ψn(amΨm+am−1Ψm−1+...+a1Ψ+a0).
(17)

Let h = Φ
Ψ

. If h is a constant, then substituting Φ = Ψh in (17) we obtain

amΨn+m(hn+m − 1) + am−1Ψn+m−1(hn+m−1 − 1) + ...+ a0Ψn(hn − 1) = 0,

which implies hd = 1, where d = (n + m, ..., n + m − i, ...n), am−1 6= 0 for
some i = 0, 1, ...m. Thus Φ ≡ tΨ for a constant t such that td = 1, where
d = (n + m, ..., n + m − i, ...n), am−i 6= 0 for some i = 0, 1, ...m. If h is not a
constant, then we know from (17) that Φ and Ψ satisfy the algebraic equation
R(Φ,Ψ) = 0, where R(ω1, ω2) = ωn

1P (ω1)− ωn
2P (ω2).

Case (ii) If l = 1 and from (10) to (15) and also from Lemma 6, we get

∆2 = (2k + 3)Θ(∞,Φ) + 2Θ(∞,Ψ) + Θ(0,Φ) + Θ(0,Ψ) + δk+1(0,Φ)

+ δk+1(0,Ψ) + δk+2(0,Φ)

> (2k + 10)− 5k + 13

s(n+m)
.

Since s(n+m) > 5k + 13, we get ∆2 > 2k + 9.

By continuing as in case(i), we get case(ii).

Case (iii) If l = 0 and from (10) to (15) and also from Lemma 6, we get

∆3 = (2k + 3)Θ(∞,Φ) + (2k + 4)Θ(∞,Ψ) + Θ(0,Φ) + Θ(0,Ψ) + 2δk+1(0,Φ)

+ 3δk+1(0,Ψ)

> (4k + 14)− 9k + 16

s(n+m)
.

Since s(n+m) > 9k + 16, we get ∆2 > 4k + 13.
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By continuing as in case (i), we get case (iii).

This completes the proof of Theorem 1 .

Proof of Theorem 2.

Since Φ and Ψ are entire functions we have N(r,Φ) = N(r,Ψ) = 0. Pro-
ceeding as in the proof of Theorem 1 we can easily prove Theorem 2 .

Now we present the following corollaries of Theorem 1 and Theorem 2 .

Corollary 1. Let Φ and Ψ be two nonconstant meromorphic functions, whose
zeros and poles are of multiplicities atleast s, where s is a positive integer. Let
P (Φ) = amΦm + am−1Φm−1 + ...+ a1Φ + a0, (am 6= 0), and ai(i = 0, 1, ...,m) is
nonzero coefficient, and let n, m be two positive integers. If ΦnP (Φ(qz + η))
and ΨnP (Ψ(qz + η)) share (1, l) and one of the following conditions holds:

(i) l ≥ 2 and s(n+m) > 10,

(ii) l = 1 and s(n+m) > 13,

(iii) l = 0 and s(n+m) > 16,

then either Φ = tΨ for a constant t such that td = 1, where d = (n+m, ...n+
m − i, ..., n), am−i 6= 0 for some i = 0, 1...m, or Φ and Ψ satisfy the algebraic
equation R(Φ,Ψ) ≡ 0, where R(ω1, ω2) = ωn

1P (ω1)− ωn
2P (ω2).

Corollary 2. Let Φ and Ψ be two nonconstant entire functions, whose zeros
and poles are of multiplicities atleast s, where s is a positive integer. Let
P (Φ) = amΦm + am−1Φm−1 + ...+ a1Φ + a0, (am 6= 0), and ai(i = 0, 1, ...,m) is
nonzero coefficient, and let n, m be two positive integers. If ΦnP (Φ(qz + η))
and ΨnP (Ψ(qz + η)) share (1, l) and one of the following conditions holds:

(i) l ≥ 2 and s(n+m) > 5,

(ii) l = 1 and s(n+m) > 6,

(iii) l = 0 and s(n+m) > 8,

then either Φ = tΨ for a constant t such that td = 1, where d = (n+m, ...n+
m − i, ..., n), am−i 6= 0 for some i = 0, 1...m, or Φ and Ψ satisfy the algebraic
equation R(f, g) ≡ 0, where R(ω1, ω2) = ωn

1P (ω1)− ωn
2P (ω2).

4 Conclusions

In this paper, by introducing notion of multiplicity and considering more gen-
eral forms of polynomial we prove two theorems which extend and improve
the results due to ([2], [14], [18]). Proving the results without complicated
calculations is a feature of mathematical elegance of this paper.
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5 Open Problem

1. What can be said if we consider the difference-differential polynomials of

the form
[
ΦnP (Φ)

∏d
j=1 Φ(qz + η)vj

](k)

, where P (Φ) = amΦm + am−1Φm−1 +

...+ a1Φ + a0, (am 6= 0), and ai(i = 0, 1, ...,m) is nonzero coefficient.

2. Whether it is possible to replace the weighted sharing value by small func-
tion.

3. Is it possible to reduce the condition of the theorem.

Acknowledgment. The author thank the referees for their valuable sug-
gestions which led to the improvement of the paper.
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