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Abstract

In this paper using a g-difference operator, we define a class of univalent
functions and obtained upper bounds for functions in it.
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1 Introduction

The class of univalent analytic functions of the form

F(z)=z+ Y a2, 26 D={2€C|z|<1}, (1)
k=2
is denoted by S.
For FF € S, 0 < ¢ < 1, the g—difference operator A, is given by [12] (see
also [2, 3,4,5,6,7],[11],[21, 22,23]);

F(2)—F(qz)
AF(2) = { ]S_}—(té))z ) 2 7&8 7
72 =

that is
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AF(2) =14 (ka2 (2)
k=2
where
= =2 [0l =0 Q

Asq— 17, [kl, =k and A F(2) = F'(2).
For F' € S, the generalized Saldgean operator is defined by Al-Oboudi [1]
as

Dy'F(z)=z+ Y [1+6(k—1)]"a2¥, 6 >0, me No=NU{0}. (4
k=2

Note that: D*F(z) = D™F(z) ( see [20] ).
Pommerenke [19] (see also [16]) defined the Hankel determinent for n > 1,
v >0 as

Qry Qy+1 Qry4n—1

()= | Dt 2 B g =), (5)

Oytn-1 Qytn  Qyt2n-2

where a; s are the coefficients of various power of z in F'(z) defined by (1).
This determinant has also been considered by several authors, for example
Hy(1) = a3 — a2, is known as the Fekete-Szego functional ( see Fekete-Szego
[10] who generalized the estimate to |as — pua3| where p is real ).
In the case n = 2 and v = 2, the Hankel determinant H,(v) is

__|az as
a3z Gy

For more studies of H,(v) see [9, 13, 17].
Using (3) and (4), we define the following class.

= |azas — daj|. (6)

Definition 1 Let F' € S, (,0 >0, m € No. Then F' € S;*(9,() if and only if

2A(DJ'F(2)) 22N (ADPF(2))
Re{Z—L 2 + i ) > 0. 7
{ DY F(z) ¢ Dy F(z) } (7)
Note that: A
(i) S7(8,0) = S™(8) = {F € S : Re[%] > 0}

(ii) S9(8,0) = S4(0) ( see Seoudy and Aouf [21] );
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(iil) S7(1,¢) = S7(¢) = {F € S : Re[2QEEN | 2 5;”?(? 7> 0};
DmF(Z))

(iv) limg—1-S7(6,¢) = S™(0,¢) = {F € S : Re[* Dsz +(- Dy'F(z) ] >
0.

So, see that (7) modifies the definition of Patil and Khairnar [18].

2 Main Results

Unless indicated, we assume that 0 < g < 1, m € Ny, z € D, F(z) given by
(1) and 0,¢ > 0.

To prove our main results we shall need the following lemmas. Let P be
the family of all functions p analytic in D for which R{p(z)} > 0 and

p(z) =14 crz+cz® + ... (8)

Lemma 1 [8] Let p € P, then |¢;| <2, k=1,2,... and the inequality
is sharp.
Lemma 2 [14] Let p € P, then

2c, = & +a(d—dc)) 9)
dey = E+22c(4—A) —2lq(d—A) +29(1 — |24 - 3)

for some z and y such that |z| <1, |y| < 1.
Lemma 3 [15] If p € P is of the form (8) and v is a complex number,
then
ez — vef| < 2max{1; |2v — 1]}.
Theorem 1 Let F(z) € S(6,(), then

4
—a3| < :
(1 +20)>([2][3]4¢ + (13]4 — 1))?
Proof.  Let F(z) € S;*(9,() then, there exist p(z) € P such that

(10)

2A(DPF(2)) + (22 A (A,DYF(2)) = DJ'F(2)p(2) for some z € D- (11)

Therefore,

20y (DF'F(2)) + szAq(Aqu”F(z)) = 2+ (1+9)"as2],(1+ C)
(1 +20)"as[3],(1 + [2],€)2° (12)
L 30 aa 4,1+ [3,0)2" +



Upper Bounds for Class of Analytic Functions Defined by... 47
and
DPF(2)p(z) = z+ (c1 4 (1+6)™ay)2?
+(cg + crag(1 4 86)™ + (1 + 20)™as) 2 (13)
+(c3 + caag(1 4+ 6)™ + craz(1+28)™ + (1 + 38)™as)z* + ...
Equating the coefficients of (12) and (13):
“ S T o (@ + (@, - 1) )
T 20 (Bl + (Bl )
U@+ @ - DB+ B -1y
and
T 30 (Bl + ([, — D)1 T (2l — D) (RlBC + (Bl — 1)
n crca(([2]C(1 + [3lg) + [21g + 3] — 2)
(1 +30)™([3]4[4]4¢ + ([4]q — D)([2]4¢ + ([21g — 1))([214[3]o¢ + ([38]g — 1))
+ e (16)

(1 + 35)m([3]q[4]qC + ([4]q B 1))
From (14), (15) and (16), we have

(1+30)™ (140)™ ([34[4]gC+([4]g = 1)) ([2]4 ¢+ (121 —1)) > ([2]4[3]¢C+([3]g 1))
cie2(2]qC(1+[3]q) +[2lg+[3]4—2)

|asas — a3 = MG R e e ) e P e e )

M= (1+6)m([3lq [4]qC+([4]q—1))([2]q€+([2]q—l))

By using Lemma 2,

c 2
_{[(1+25)’"([2]q[32}q<+([3]q—1)) + (1+20)™([2]q [3}qC+([3]q—1))([2}qC+([2]q—1))] 1

4

‘1

(17)

(1+38) (1+6)™ ([3]q [4]q¢+([4]a = 1)) ([2laC+([2]a 1)) * ([2]g 816 +([8]a—1))
3 ([214¢(1+(3]q)+ 24+ (3] —2)]

cl+z(4fcl)]
2

2|
Aoy — a3 — 61[cl+2zcl(4 cl) 1261(4 c%)+2y(1 |z \ )(4— Cl)]

+(1+35)’”(1+5) (13]q [4}q<+([4]%—1))([2}q<+([2]q—1)) (12]4Ble¢+([3ls—1))

C4

[c1+z(4 c1) ]2

T Ty @, [42}qg+ o D) PlCH (Pl D)

(1+25)2m(£2] (3lq C+([3]q—1)) (12]g¢+([2]4—1))?
2[c1+:v(24 cl)]

- (120 (R BloCHBl-1)2 (1426)2 ([2]4 B¢+ (Bla— 1)) (RIS + (24— 1))

(18)
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Substituting for ¢ and ¢z from (9) and since |¢;| < 2 by Lemma 1, let ¢; = ¢
and assuming without restriction that ¢ € [0, 2] we obtain, by triangle inequal-

ity,

s~ 5] < (14 30)™ (1 + 6)™([3][4)4C + ([4]q = D)([2]oC + ([2]g = 1))*([2]4[3]4¢ + (134 = 1))
N cH([204¢(1 + [3]4) + [2]y + (3], — 2)
2(1 4+ 30)™(1 4 0)™([3]4[4]4C + ([ = D([2]e€ + (121 = 1))*([214[3]o¢ + (3], = 1))
N pc?(4 = )([2,6(1 + [3]g) + [2]g + [3] — 2)
2(1 +30)™(1 +0)™([3], [ ]qC + ([4lg = D)([21o¢ + (21 = 1))2([2]4[3]4¢ + (13, = 1))
ct+2pct(d =) —p*?(d = ) + 24 = )1 — p?)
A1+ 30)™(1+0)™([3], [ o€+ ([4]g = D)(2]6¢ + ([2] = 1))

C4

(1 + 26)2m([2]q[3]qc + ([3]11 - 1))2([2](1C + ([2]11 - 1))2

+

A0y — a2| < 62(62 +p(4 02)
T (14 20)2m([21408]4¢ + (8], — 1)2([2)4¢ + (2], — 1))
A+ 2pc(4 — ) + p2(4 — ?)?
A1+ 26)>([2]4[3]4¢ + ([8]g — 1))?
< Glp),

with p = |z| < 1. Furthermore,

/ (4 — ) ([2]4¢ (1 + [3]y) + [2]¢ + [3], — 2)
G(p) < I

Jq
T 2(1430)™(1 +6)™([3]g[4]oC + ([4lg — D)([214¢ + ([2] — 1))2([2]4[314¢ + ([3]g — 1))
N 2c%(4 — ) = 2pc*(4 — ) —4(4 — A)p
4<1 + 35)7”(1 + 5)m([3]q[4]qc + ([4]11 ))([Z]QC + ([2]q - 1))

A4 — %)
(1 +20)>([2]4[3]4¢ + (13l = D)*([2]4¢ + (12 = 1))
2¢%(4 — c2) + 2p(4 — *)?
A4(1 4 26)*([214[3]o¢ + (B, — 1)*

+

(20)

By elementary calculations, we can show that G’ (p) > 0 for p > 0, which
implies that G is an increasing function and thus the upper bound for (17)
corresponds to p =1 & ¢ = 0, we have (10).

Theorem 2 Let F'(2) € S7*(0,() then,
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2 2 max
W= S e @B + (Bl = 1)
| 2 (14 202,030 + (Bl — 1)
S mer @, T arerle @, -1 M)
(21)

Proof.  Since if F(z) € S;"(d,(), then ay and a3 are given by (14) and
(15), we have

M = T 20y (2Bl + (Bl — 1)
U200 (@20 + (2l = D) 2Bl + (Bl — 1)
o + @, - D) (22)
Therefore,
a3 — az‘ - ! {ey — vel} (23)
P T ey (Bl + (B, — 1) 2 )
where
_ 1 (1420 (2Bl + (8, - 1)
B @, —) G @, - “ o @

Our result now follows by an application of Lemma 3.
This completes the proof of Theorem 2.
Remarks
(i) Letting ¢ — 1— in Theorem 1, we have the results obtained by [18];
(ii) For different values ¢ and ¢, we obtain results for the classes mentioned
in the introduction.

3 Open Problem

The authors suggest to fined upper bounds for class

NELHCN CzQAq(Angf(z))} .

R:f(2) R (2) (25)
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where

R*f(2) =z + i wakzk, (26)

is the g—analogue of Ruscheweyh operator.
Acknowledgement. The authors thanks the referees of the paper for
their valuable comments.
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