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1 Introduction

The class of analytic univalent functions of the form:

f(z) = z +
∞∑
k=2

akz
k (z ∈ U = {z ∈ C, |z| < 1}) , (1.1)
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is denoted by A. Also, denote by κ the subclass of A which are convex in U.
For f given by (1.1) and g ∈ A given by

g(z) = z +
∞∑
k=2

bkz
k,

the Hadamard product (or convolution)

(f ∗ g) (z) = z +
∞∑
k=2

akbkz
k = (g ∗ f) (z) .

For f and g analytic in U, f is called subordinate to g (f ≺ g) if there exists
an analytic function ω, with ω (0) = 0 and |ω (z)| < 1, z ∈ U, such that
f(z) = g(ω (z)), Furthermore, if g is univalent in U, then (see[4] and [10]) :

f (z) ≺ g (z) (z ∈ U) ⇐⇒ f (0) = g (0) and f(U) ⊂ g(U).

A function f(z) ∈ A is said to be in the class of β−uniformry convex functions
of order α, UCV (α, β) (−1 ≤ α < 1, β ≥ 0) , if

Re

{
1 +

zf
′′
(z)

f ′ (z)
− α

}
≥ β

∣∣∣∣zf ′′
(z)

f ′(z)

∣∣∣∣ , (1.2)

and is in the corresponding class UST (α, β) of β−uniformry starlike functions
of order α, (−1 ≤ α ≤ 1, β ≥ 0) , if

Re

{
zf

′
(z)

f (z)
− α

}
≥ β

∣∣∣∣∣zf
′
(z)

f(z)
− 1

∣∣∣∣∣ . (1.3)

One can see that

f (z) ∈ UCV (α, β) ⇔ zf
′
(z) ∈ UST (α, β).

We note that
(i) UCV (0, 1) = UCV (Goodman [9] ;
(ii)UCV (α, 1) = UCV (α), UST (0, 1) = UST and UST (α, 1) = UST (α)(see [17]);
(iii) UCV (0, β) = β−UCV and UST (0, β) = β−UST (see [13] , [15] and [14] .
(iv) UCV (α, 0) = κ∗ (α) and UST (α, 0) = S∗ (α) (0 ≤ α < 1) .

Let 0 < q < 1, f ∈ A, the Jackson,s q- derivative operator is given by
(see [10] , [7] , [8]) :

Dqf (z) =
f(z)− f(qz)

(1− q) z
= 1 +

∞∑
k=2

[k]q akz
k−1, z ∈ U, (1.4)
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where

[k]q =
1− qk

1− q
, lim

q→1−
[k]q = k. (1.5)

For 0 < q < 1, f ∈ A, δ > −1, Kannas and Răducanu [12] and Aldweby
and Darus [1] defined the q-analogue of Ruschewey operator ℜδ

q : A → A as
follows:

ℜδ
qf (z) = z +

∞∑
k=2

Γq (k + δ)

[k − 1]q!Γq (1 + δ)
akz

k

= z +
∞∑
k=2

Θk (q, δ) akz
k (z ∈ U) , (1.6)

where

Θk (q, δ) =
Γq (k + δ)

[k − 1]q!Γq (1 + δ)
, (1.7)

Γq (k + 1) = [k]q Γq (k) Γq (1) = 1, (1.8)

and
[k]q! = [k]q [k − 1]q ... [1]q , [0]q! = 1. (1.9)

We obseve that Limq→1−ℜδ
qf (z) = ℜδf (z) which is the Ruschewey operator

defined by Ruschewey [16] , (see[2, 3, 4, 5, 6]).
Let

D0
qℜδ

qf (z) = ℜδ
qf (z) ,

D1
qℜδ

qf (z) = z∂qℜδ
qf (z)

Dn
qℜδ

qf (z) = z∂q
(
Dn−1

q ℜδ
qf (z)

)
, n ∈ N.

It is easy to have

Dn
qℜδ

qf (z) = z +
∞∑
k=2

[k]nΘk (q, δ) akz
k. (1.10)

Definition1.1. For −1 ≤ α < 1, β ≥ 0, 0 < q < 1, δ > −1, n ∈
N∪{0} , f (z) of the form (1.1) , let Sδ

n,q (α, β) be the subclass of A consisting
of functions satisfying

Re

{
z∂q
(
Dn

qℜδ
qf (z)

)
Dn

qℜδ
qf (z)

− α

}
> β

∣∣∣∣∣z∂q
(
Dn

qℜδ
qf (z)

)
Dn

qℜδ
qf (z)

− 1

∣∣∣∣∣ (1.11)

and Kδ
n,q (α, β) be the subclass of A consisting of functions satisfying

Re

{
∂q
(
z∂q
(
Dn

qℜδ
qf (z)

))
∂q
(
Dn

qℜδ
qf (z)

) − α

}
> β

∣∣∣∣∣∂q
(
z∂q
(
Dn

qℜδ
qf (z)

))
∂q
(
Dn

qℜδ
qf (z)

) − 1

∣∣∣∣∣ . (1.12)

It follows form (1.11) and (1.12) that

Dn
qℜδ

qf (z) ∈ Kδ
n,q (α, β) → z∂q

(
Dn

qℜδ
qf (z)

)
∈ Sδ

n,q (α, β) . (1.13)
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2 Main Results

Throughout this paper assume that −1 ≤ α < 1, β ≥ 0, 0 < q < 1, δ >
−1, n ∈ N ∪ {0} , f (z) of the form (1.1).

To prove our main result the following definition and lemma are needed.

Definition 2.1 [17] A sequence {ck}∞k=1 of complex numbers is called a
subordinating factor sequence if, whenever f is convex,

∞∑
k=1

ckakz
k ≺ f (z) . ( a1 = 1) (2.1)

Lemma 2.2. [17] The sequence {ck}∞k=1 is a subordinating factor sequence if
and only if

Re

{
1 + 2

∞∑
k=1

ckz
k

}
> 0. (2.2)

Theorem 2.3. If f(z) satisfies the following inequality

∞∑
k=2

[
[k]q (1 + β)− (α + β)

]
[k]nq Θk (q, δ) |ak| ≤ 1− α, (2.3)

then, f(z) ∈ Sδ
n,q (α, β) .

Proof. Suppose that (2.3) holds. Then for z ∈ U, we have

Re

{
z∂q
(
Dn

qℜδ
qf (z)

)
Dn

qℜδ
qf (z)

− α

}
> β

∣∣∣∣∣z∂q
(
Dn

qℜδ
qf (z)

)
Dn

qℜδ
qf (z)

− 1

∣∣∣∣∣ ,
or

Re

{
z∂q
(
Dn

qℜδ
qf (z)

)
Dn

qℜδ
qf (z)

− α

}
− β

∣∣∣∣∣z∂q
(
Dn

qℜδ
qf (z)

)
Dn

qℜδ
qf (z)

− 1

∣∣∣∣∣ > 0,

that is,

β

∣∣∣∣∣z∂q
(
Dn

qℜδ
qf (z)

)
Dn

qℜδ
qf (z)

− 1

∣∣∣∣∣− Re

{
z∂q
(
Dn

qℜδ
qf (z)

)
Dn

qℜδ
qf (z)

− 1

}
< (1− α) .

We have

β

∣∣∣∣∣z∂q
(
Dn

qℜδ
qf (z)

)
Dn

qℜδ
qf (z)

− 1

∣∣∣∣∣− Re

{
z∂q
(
Dn

qℜδ
qf (z)

)
Dn

qℜδ
qf (z)

− 1

}

≤ (1 + β)

∣∣∣∣∣z∂q
(
Dn

qℜδ
qf (z)

)
Dn

qℜδ
qf (z)

− 1

∣∣∣∣∣ = (1 + β)

∣∣∣∣∣
∑∞

k=2 ([k]− 1) [k]nq Θk (q, δ) akz
k−1

1 +
∑∞

k=2 [k]
n
q Θk (q, δ) akzk−1

∣∣∣∣∣
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≤ (1 + β)

∑∞
k=2 ([k]− 1) [k]nq Θk (q, δ) |ak| |z|k−1

1−
∑∞

k=2 [k]
n
q Θk (q, δ) |ak| |z|k−1

≤ (1 + β)

∑∞
k=2 ([k]− 1) [k]nq Θk (q, δ) |ak| rk−1

1−
∑∞

k=2 [k]
n
q Θk (q, δ) |ak| rk−1

.

Letting r → 1− we have

< (1 + β)

∑∞
k=2 ([k]− 1) [k]nq Θk (q, δ) |ak|
1−

∑∞
k=2 [k]

n
q Θk (q, δ) |ak|

.

The last expression is bounded by 1− α sinc (2.3) holds.
From (1.13) and Theorem 2.3, we have
Theorem 2.4. A function f(z) ∈ Kδ

n,q (α, β) if

∞∑
k=2

[
[k]q (1 + β)− (α + β)

]
[k]n+1

q Θk (q, δ) |ak| ≤ 1− α. (2.4)

Let S∗δ
n,q (α, β) and K∗δ

n,q (α, β) be the subclasses of A whose coefficients sat-
isfy the conditions (2.3) and (2.4) , respectively. We note that S∗δ

n,q (α, β) ⊂
Sδ
n,q (α, β) and K∗δ

n,q (α, β) ⊂ Kδ
n,q (α, β) .

Theorem 2.5. Let f ∈ S∗δ
n,q (α, β) , g ∈ κ. Then

[
[2]q (1 + β)− (α + β)

]
[2]nq Θ2 (q, δ)

2
{[

[2]q (1 + β)− (α + β)
]
[2]nq Θ2 (q, δ) + (1− α)

}
 (f ∗ g) (z) ≺ g (z) ,

(2.5)
and

Re (f (z)) > −

[
[2]q (1 + β)− (α + β)

]
[2]nq Θ2 (q, δ) + (1− α)[

[2]q (1 + β)− (α + β)
]
[2]nq Θ2 (q, δ)

. (2.6)

The constant
[[2]q(1+β)−(α+β)][2]nqΘ2(q,δ)

2{[[2]q(1+β)−(α+β)][2]nqΘ2(q,δ)+(1−α)} is the best estimate.

Proof. Let f(z) ∈ S∗δ
n,q (α, β) and g(z) = z +

∑∞
k=2 ckz

k ∈ κ. Then[
[2]q (1 + β)− (α + β)

]
[2]nq Θ2 (q, δ)

2
{[

[2]q (1 + β)− (α + β)
]
[2]nq Θ2 (q, δ) + (1− α)

} (f ∗ g) (z)

=

[
[2]q (1 + β)− (α + β)

]
[2]nq Θ2 (q, δ)

2
{[

[2]q (1 + β)− (α + β)
]
[2]nq Θ2 (q, δ) + (1− α)

} (z + ∞∑
k=2

ckakz
k

)
.

(2.7)
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Thus by Definition 2.1, (2.5) will be true if
[
[2]q (1 + β)− (α + β)

]
[2]nq Θ2 (q, δ)

2
{[

[2]q (1 + β)− (α + β)
]
[2]nq Θ2 (q, δ) + (1− α)

}ak


∞

k=1

(2.8)

is a subordinating factor sequence, with a1 = 1. In view of Lemma 2.2, this
will be the case if and only if

Re

1 +
∞∑
k=1

[
[2]q (1 + β)− (α + β)

]
[2]nq Θ2 (q, δ)[

[2]q (1 + β)− (α + β)
]
[2]nq Θ2 (q, δ) + (1− α)

akz
k

 > 0.

(2.9)
Now since

Φ (k) =
[
[k]q (1 + β)− (α + β)

]
[k]nq Θk (q, δ)

is an increasing function of k ≥ 2, then, when |z| = r < 1, we have

Re

1 +
∞∑
k=1

[
[2]q (1 + β)− (α + β)

]
[2]nq Θ2 (q, δ)[

[2]q (1 + β)− (α + β)
]
[2]nq Θ2 (q, δ) + (1− α)

akz
k


= Re{1 +

[
[2]q (1 + β)− (α + β)

]
[2]nq Θ2 (q, δ)[

[2]q (1 + β)− (α + β)
]
[2]nq Θ2 (q, δ) + (1− α)

z

+

∑∞
k=2

[
[2]q (1 + β)− (α + β)

]
[2]nq Θ2 (q, δ) akz

k[
[2]q (1 + β)− (α + β)

]
[2]nq Θ2 (q, δ) + (1− α)

}

≥ 1−

[
[2]q (1 + β)− (α + β)

]
[2]nq Θ2 (q, δ)[

[2]q (1 + β)− (α + β)
]
[2]nq Θ2 (q, δ) + (1− α)

r−

−

∑∞
k=2

[
[k]q (1 + β)− (α + β)

]
[k]nq Θk (q, δ) akz

k[
[2]q (1 + β)− (α + β)

]
[2]nq Θ2 (q, δ) + (1− α)

> 1−

[
[2]q (1 + β)− (α + β)

]
[2]nq Θ2 (q, δ)[

[2]q (1 + β)− (α + β)
]
[2]nq Θ2 (q, δ) + (1− α)

r−

− (1− α)[
[2]q (1 + β)− (α + β)

]
[2]nq Θ2 (q, δ) + (1− α)

r

= 1− r > 0.
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This proves (2.5) . The inequality (2.6) follows by taking g(z) = z
1−z

= z +∑∞
k=2 z

k in (2.1) . To prove the sharpness of the constant[
[2]q (1 + β)− (α + β)

]
[2]nq Θk (q, δ)

2
{[

[2]q (1 + β)− (α + β)
]
[2]nq Θ2 (q, δ) + (1− α)

} ,
consider f0 (z) ∈ S∗δ

n,q (α, β) given by

f0 (z) = z − 1− α[
[2]q (1 + β)− (α + β)

]
[2]nq Θ2 (q, δ)

z2. (2.10)

Thus form (2.5) , we have[
[2]q (1 + β)− (α + β)

]
[2]nq Θk (q, δ)

2
{[

[2]q (1 + β)− (α + β)
]
[2]nq Θ2 (q, δ) + (1− α)

}f0 (z) ≺ z

1− z
. (2.11)

It can easily verified that

min
|z|≤r

[
[2]q (1 + β)− (α + β)

]
[2]nq Θk (q, δ)

2
{[

[2]q (1 + β)− (α + β)
]
[2]nq Θ2 (q, δ) + (1− α)

}f0 (z) = −1

2
.

Which shows that [
[2]q (1 + β)− (α + β)

]
[2]nq Θk (q, δ)

2
{[

[2]q (1 + β)− (α + β)
]
[2]nq Θ2 (q, δ) + (1− α)

}
is the best possible.

Similarly, we can prove the following theorem for the class K∗δ
n,q (α, β) .

Theorem 2.6. Let f(z) ∈ K∗δ
n,q (α, β) , and g (z) ∈ κ. Then

[
[2]q (1 + β)− (α + β)

]
[2]n+1

q Θk (q, δ)

2
{[

[2]q (1 + β)− (α + β)
]
[2]n+1

q Θ2 (q, δ) + (1− α)
}
 (f ∗ g) (z) ≺ g (z)

(2.12)
and

Re (f (z)) > −

[
[2]q (1 + β)− (α + β)

]
[2]n+1

q Θ2 (q, δ) + (1− α)[
[2]q (1 + β)− (α + β)

]
[2]n+1

q Θk (q, δ)
. (2.13)
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The constant
[[2]q(1+β)−(α+β)][2]n+1

q Θk(q,δ)

2{[[2]q(1+β)−(α+β)][2]n+1
q Θ2(q,δ)+(1−α)} is the best estimate.

Putting n = 0 in Theorems 2.5 and 2.6, respectively, we have
Corrollary 2.7.Let f (z) ∈ S∗δ

0,q (α, β) satisfies

∞∑
k=2

[
[k]q (1 + β)− (α + β)

]
Θk (q, δ) |ak| ≤ 1− α,

then
[
[2]q (1 + β)− (α + β)

]
Θ2 (q, δ)

2
{[

[2]q (1 + β)− (α + β)
]
Θ2 (q, δ) + (1− α)

}
 (f ∗ g) (z) ≺ g (z) (2.14)

and

Re (f (z)) > −

[
[2]q (1 + β)− (α + β)

]
Θ2 (q, δ) + (1− α)[

[2]q (1 + β)− (α + β)
]
Θ2 (q, δ)

. (2.15)

The constant
[[2]q(1+β)−(α+β)]Θk(q,δ)

2{[[2]q(1+β)−(α+β)]Θ2(q,δ)+(1−α)} is the best estimate.

Corrollary 2.8.Let f (z) ∈ K∗δ
0,q (α, β) satisfies

∞∑
k=2

[
[k]q (1 + β)− (α + β)

]
[k]q Θk (q, δ) |ak| ≤ 1− α,

then
[
[2]q (1 + β)− (α + β)

]
[2]q Θ2 (q, δ)

2
{[

[2]q (1 + β)− (α + β)
]
[2]q Θ2 (q, δ) + (1− α)

}
 (f ∗ g) (z) ≺ g (z)

(2.16)
and

Re (f (z)) > −

[
[2]q (1 + β)− (α + β)

]
[2]q Θ2 (q, δ) + (1− α)[

[2]q (1 + β)− (α + β)
]
[2]q Θ2 (q, δ)

. (2.17)

The constant
[[2]q(1+β)−(α+β)][2]qΘk(q,δ)

2{[[2]q(1+β)−(α+β)][2]qΘ2(q,δ)+(1−α)} is the best estimate.

Putting β = 0 in Corrollaries 2.7 and 2.8, respectively, we have

Corrollary 2.9. Let f (z) ∈ S∗δ
q (α) satisfies

∞∑
k=2

[
[k]q − (α)

]
Θk (q, δ) |ak| ≤ 1− α,
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then 
[
[2]q − α

]
Θ2 (q, δ)

2
{[

[2]q − α
]
Θ2 (q, δ) + (1− α)

}
 (f ∗ g) (z) ≺ g (z)

and

Re (f (z)) > −

[
[2]q − α

]
Θ2 (q, δ) + (1− α)[

[2]q − α
]
Θ2 (q, δ)

.

The constant
[[2]q−α]Θk(q,δ)

2{[[2]q−α]Θ2(q,δ)+(1−α)} is the best estimate.

Corrollary 2.10. Let f (z) ∈ K∗δ
q (α) satisfies

∞∑
k=2

[
[k]q − (α)

]
[k]q Θk (q, δ) |ak| ≤ 1− α,

then 
[
[2]q − α

]
[2]q Θ2 (q, δ)

2
{[

[2]q − α
]
[2]q Θ2 (q, δ) + (1− α)

}
 (f ∗ g) (z) ≺ g (z) ,

and

Re (f (z)) > −

[
[2]q − α

]
[2]q Θ2 (q, δ) + (1− α)[

[2]q − α
]
[2]q Θ2 (q, δ)

.

The constant
[[2]q−α][2]qΘk(q,δ)

2{[[2]q−α][2]qΘ2(q,δ)+(1−α)} is the best estimate.

3 Open Problem

The authors suggest to find necessary and sufficient conditions for coefficients
of function

F(z) = z −
∞∑
k=2

akz
k, ak ≥ 0

in the class

Re

{
z∂q
(
Dn

qℜδ
qf (z)

)
Dn

qℜδ
qf (z)

− α

}
> β

∣∣∣∣∣z∂q
(
Dn

qℜδ
qf (z)

)
Dn

qℜδ
qf (z)

− 1

∣∣∣∣∣
and study geometric and algebric properties.
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