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Abstract

Using the concept of differential subordination, we extend
some results of Al-Abbadi and Darus [1] on analytic univa-
lent functions. Mathematica 7.0 is used to plot the extended
regions of the complex plane.
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1 Introduction

Let A be the class of all functions f which are analytic in the open unit disk
E = {z : |z| < 1} and normalized by the conditions that f(0) = f ′(0)− 1 = 0.
Thus, f ∈ A has the Taylor series expansion

f(z) = z +
∞∑

k=2

akz
k.

A function f is said to be univalent in a domain D in the extended complex
plane if and only if it is analytic in D except for at most one simple pole and
f(z1) 6= f(z2) for z1 6= z2 (z1, z2 ∈ D). Let S denote the class of all analytic
univalent functions f defined in the unit disk E which are normalized by the
conditions f(0) = f ′(0)− 1 = 0.
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For two functions f and g analytic in the open unit disk E, we say that f
is subordinate to g in E and write as f ≺ g if there exists a Schwarz function
w analytic in E with w(0) = 0 and |w(z)| < 1, z ∈ E such that f(z) =
g(w(z)), z ∈ E. In case the function g is univalent, the above subordination
is equivalent to f(0) = g(0) and f(E) ⊂ g(E).

Let ψ : C × C → C be an analytic function, p be an analytic function in
E, with (p(z), zp′(z)) ∈ C × C for all z ∈ E and h be univalent in E, then a
function p is said to satisfy first order differential subordination if

ψ(p(z), zp′(z)) ≺ h(z), ψ(p(0), 0) = h(0). (1)

A univalent function q is called a dominant of the differential subordination
(1) if p(0) = q(0) and p ≺ q for all p satisfying (1). A dominant q̃ that satisfies
q̃ ≺ q for all dominants q of (1), is said to be the best dominant of (1).

A function f ∈ A is said to be a member of the class µ(α) if and only if
∣∣∣∣

4z2f ′(z)

[f(z)− f(−z)]2
− 1

∣∣∣∣ < 1− α, 0 ≤ α < 1, z ∈ E.

The class µ(α) was introduced and studied by Al-Abbadi and Darus [1].
Nunokawa [2] proved the following result.

Theorem 1.1 Let f ∈ A satisfy the condition
∣∣∣∣
z2f ′(z)

f 2(z)
− 1

∣∣∣∣ < 1, z ∈ E,

then f is univalent in E.

Al-Abbadi and Darus [1] proved the following result.

Theorem 1.2 If f ∈ A satisfies
∣∣∣∣
(zf(z))′′

f ′(z)
− 2z[f(z)− f(−z)]′

f(z)− f(−z)

∣∣∣∣ <
1− α

2− α
, 0 ≤ α < 1, z ∈ E,

then f ∈ µ(α).

As a consequence of above two results, Al-Abbadi and Darus [1] also con-
cluded the following result.

Theorem 1.3 If f ∈ A is of the form f(z) = z +
∞∑

k=2

a2k−1z
2k−1 and satis-

fies ∣∣∣∣
(zf(z))′′

f ′(z)
− 2z[f(z)− f(−z)]′

f(z)− f(−z)

∣∣∣∣ <
1

2
, z ∈ E,

then f is univalent in E.
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The main objective of this paper is to extend the region of variability of

the operator
(zf(z))′′

f ′(z)
− 2z[f(z)− f(−z)]′

f(z)− f(−z)
in above stated results of Al-Abbadi

and Darus [1] to get the same conclusion. Mathematica 7.0 is used to show
the extended regions of the complex plane.

2 Preliminaries

To prove our main result, we shall make use of the following lemma of Miller
and Mocanu [3].

Lemma 2.1 ([3], p.132, Theorem 3.4 h) Let q be univalent in E and let
θ and φ be analytic in a domain D containing q(E), with φ(w) 6= 0, when
w ∈ q(E). Set Q(z) = zq′(z)φ[q(z)], h(z) = θ[q(z)] + Q(z) and suppose that
either
(i) h is convex, or
(ii) Q is starlike.
In addition, assume that

(iii) < zh′(z)

Q(z)
> 0, z ∈ E.

If p is analytic in E, with p(0) = q(0), p(E) ⊂ D and

θ[p(z)] + zp′(z)φ[p(z)] ≺ θ[q(z)] + zq′(z)φ[q(z)],

then p ≺ q and q is the best dominant.

3 Main Result

Theorem 3.1 Let f ∈ A,
4z2f ′(z)

[f(z)− f(−z)]2
6= 0, z ∈ E, satisfy the differen-

tial subordination

(zf(z))′′

f ′(z)
− 2z[f(z)− f(−z)]′

f(z)− f(−z)
≺ αz

1 + αz
, z ∈ E,

then
4z2f ′(z)

[f(z)− f(−z)]2
≺ 1 + αz, 0 < α ≤ 1.

Proof. Let us define the functions θ and φ as follows:

θ(w) = 0 and φ(w) =
1

w
.
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Obviously, the functions θ and φ are analytic in domain D = C \ {0} and
φ(w) 6= 0 in D. Also define the functions Q and h as under:

Q(z) = zq′(z)φ(q(z)) =
zq′(z)

q(z)

and

h(z) = θ(q(z)) + Q(z) =
zq′(z)

q(z)
.

Further, select the functions p(z) =
4z2f ′(z)

[f(z)− f(−z)]2
, f ∈ A and q(z) =

1 + αz, 0 < α ≤ 1. Therefore,

Q(z) = h(z) =
αz

1 + αz
,

and
zQ′(z)

Q(z)
=

zh′(z)

Q(z)
=

1

1 + αz
.

It can easily be verified that <zQ′(z)

Q(z)
= <zh′(z)

Q(z)
> 0 in E for 0 < α ≤ 1.

Hence, in view of Lemma 2.1, we obtain
4z2f ′(z)

[f(z)− f(−z)]2
≺ 1 + αz, 0 < α ≤ 1

in E.

Remark 3.1 We, here, make a comparison of the above theorem with the
result of Al-Abbadi and Darus [1] stated in Theorem 1.2. We notice that our

result extends the region of variability of the differential operator
(zf(z))′′

f ′(z)
−

2z[f(z)− f(−z)]′

f(z)− f(−z)
to get the required implication. We compare the results by

considering the following particular cases. For α = 1 and f same as in above
theorem, we have:

<
(

(zf(z))′′

f ′(z)
− 2z[f(z)− f(−z)]′

f(z)− f(−z)

)
<

1

2
(2)

⇒
∣∣∣∣

4z2f ′(z)

[f(z)− f(−z)]2
− 1

∣∣∣∣ < 1, z ∈ E.

For α = 0, Theorem 1.2 gives:
∣∣∣∣
(zf(z))′′

f ′(z)
− 2z[f(z)− f(−z)]′

f(z)− f(−z)

∣∣∣∣ <
1

2
, z ∈ E (3)

⇒
∣∣∣∣

4z2f ′(z)

[f(z)− f(−z)]2
− 1

∣∣∣∣ < 1.
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Using Mathematica 7.0, we show our claim pictorially in Figure 2.1. According

to the result in (3), the operator
(zf(z))′′

f ′(z)
− 2z[f(z)− f(−z)]′

f(z)− f(−z)
takes values in

the disk of radius
1

2
with center at origin shown by dark shaded region in Figure

2.1 whereas in view of the result in (2), the same operator can take values in
the total shaded region (light and dark) to conclude the same result. Thus, the
light shaded portion is the claimed extension.

Figure 2.1

Remark 3.2 In view of the result of Nunokawa [2] stated in Theorem 1.1,

if α = 1 and f ∈ A is of the form f(z) = z +
∞∑

k=2

a2k−1z
2k−1, we obtain:

<
(

(zf(z))′′

f ′(z)
− 2z[f(z)− f(−z)]′

f(z)− f(−z)

)
<

1

2
, z ∈ E,

then f is univalent in E.
We notice that the above result extends the region of variability of the differ-

ential operator
(zf(z))′′

f ′(z)
− 2z[f(z)− f(−z)]′

f(z)− f(−z)
over the result of Al-Abbadi and

Darus [1] stated in Theorem 1.3 to get the required conclusion. By Theorem

1.3, the operator
(zf(z))′′

f ′(z)
− 2z[f(z)− f(−z)]′

f(z)− f(−z)
takes values in the disk of ra-

dius
1

2
with center at origin shown by dark shaded region in Figure 2.1 to imply

the univalence of f ∈ A whereas according to the above result same operator
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can take values in the total shaded region (light and dark) to conclude the same
result. Therefore, the light shaded portion shows the extension.

4 Open Problem

The technique of differential subordination can similarly be applied to extend
the regions of variability of differential operators involving with other classes
of analytic univalent functions.
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