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Abstract

This paper is devoted to investigate a general variational
approach for the Variable Metric (VM) updates. Al-Bayati [1] and Oren
[6] algorithms can be obtained from the minimization of the trace
determinant function w(X). The positive definiteness property of the
optimal solution is guaranteed by the nature of y(X). Finally, it has been

shown that the Al-Bayati [1] and Oren [6] updating formulas satisfy the
least change property with respect to this new measure.
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1 Introduction

In the optimization problems, for obtaining Al-Bayati [1] and Oren [6] updates, the
constraints must have the form:

XeR™:xv=y,X"=X} . @

where v and y are given vectors in R". The first affine equation Xv =1y is called
the secant equation or (Quasi-Newton equation), and the constraint X' =X is
included since the Hessian matrix (or its inverse) is always symmetric, and so should

be any approximations to it. We endow the vector space R"™™ with the trace inner
product:


http://www.i-csrs.org/
http://www.i-csrs.org/
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(XY)=tr(XT,Y) = Zn:xijvij S )

i, j=1
which induces the trace inner product
X,Yy=tr(XY) (3

in S". Both vector spaces become Euclidean spaces with these inner products see [7].

The function y : R™ — R defined by :
w(X)=trX —IndetX =(I,X)—IndetXx ... (4)
is used by Byrd and Nocedal [3] in the convergence analysis of the BFGS update rule.
Later, Hassan [4] and Al-Bayati and Hassan [2] show that Al-Bayati [1] and Oren [6]

update rules can be obtained from the minimization of function y/(X) subject to the
same constraints as in the least squares minimization case.

Lemma 1.1:
For  nonsingular X, the derivative of  det(X) IS given by

d(det(X))/d(a;) = (X’l)ji det(X). For the proof and more details see [4,5]

Lemma 1.2:

Let v,y eR" ,v = 0. Consider the affine subspace A = {X eS":Xv = y} in the vector
space S". The linear subspace corresponding to Ais W= {X eS": Xv :O}.
Let {u.}; be a basis of R", and define the matrices S, =vu +uv', k=1.....n.
The matrices {Sk}f are linearly independent and W is the intersection of n hyper
planes in S", i.e.

Y ={XeS"(X,5)=0,K=Lrnf s (5)
Moreover,
P = span{S,,....... Soh=A +A 1 AeR (6)

For the proof and more details see [7].
2 Preliminaries

2.1 Trace determinant function for minimization problems in Quasi-
Newton methods:
A variational result for the Al-Bayati [1] and Oren [6] updating formulas:
s _ g HY WY Vg Y
Vi Vi Vie Vi Vi Vi

on V.V, B +BV.Y. V.V VBV,
Bko+1 :Bk_ k Yk kT k Yk k+ _l|<_ k é:k_,r_ kak
Vi Yk Vi Vi Vie Y

where
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g =y H Y /vy, and & =vwBVv,/viy, = )

Occupies a central roles in unconstrained optimization. Here v, and y, denoted
certain difference vectors of the points and gradients respectively occurring on
teration k of Quasi-Newton, with vy, >0, [5]. B, represents approximations of
the Hessian and H, represents approximations of the inverse Hessian[4]. The main

results of this paper is to show that these two formulas also satisfy the minimum
property with respect to the measure function y of Byrd and Nocedal defined in (4).

Theorem 2.1:
Let the affine set {X eR™ : Xv = y} contain a positive definite matrix. The

solution X to the minimization problem in S"

min w(uX)=(l,pX)—IndetpXx L (10)
st Xv=y 1y
satisfies
- T T T
X'=1+u WV W + . y)z woo 12)
(yv) vV (yy)
Proof :
The first derivatives of (wuX) is given by
Viy(X)=l—-wxX* (13)
Lemma 1.2 imply that the optimal solution X satisfies the condition
| —Xt=vAm+ (14)
T T
oo vAsAy (15)
U U
A, YWV WA
[L—ley B (16)
7 7 7

ly Ay v
)7 U U

for 2 eR". Using the secant equation X'y =v, we get
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y7]
2(4,y)(y:v)
U
which yields
Y_y)
) - <(2<y_>y>
Mo 29)
iy
2 (y.v)

Substituting this in the equation
ly Ay (A

.......... (20)
jz z z
(y-m)—(Ayw={yvya . (21)
gives
(y—mv) (4Y)
1= _
) <y’V>2v .......... (22)
po ) ly-mwy) oo 23)

(y.v) 2<y,v>2
Substituting this in (14) and simplifying the result givens (12).
Corollary 2.2:

Let <vk,yk> >0 and H, €S" be positive definite, where H, is the approximation to
the inverse Hessian at iteration k. The matrix H,., in

the Al-Bayati [1] update formula (7) satisfies H,,, =B™ where B is the optimal

solution to the minimization problem in S"
min w(H,'*pBH,'?) =(H,, pB) — In det pB + const

s.t. Bv=v.. (25)

Proof :
The change of variables
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X =HY2BHY? y=(oH 2y, v=H/p) Y2, (26)

Reduces the problem to the minimization problem (10-11) in Theorem (2.1).

Substituting the values of X, y, v above in equation (12) and simplifying, we obtain

Bi—l “H — H, YV +Vi Y Hy N ViVi n Ye He Vi Vik
-k T T T T

Vk yk Vk yk Vk yk Vk yk

The right hand side of this formula is identical to the one in (4) by using

transformation of variables given in (26). Consequently, B= H,%. This completes

the proof.

Corollary 2.3:
Let <vk,yk> >0 and B, € S" be positive definite, where B, is the approximation to

the inverse Hessian at iteration k. The matrix B, , in

the Oren update formula (8) satisfies B,,, = H™ where H is the optimal solution to
the minimization problem in S"

min w(B/?H,B'?) = (B, &H)—IndetéH +const . (28)
st Hy, =v.. L (29)

Proof :

The change of variables

X =B"?#HB'?, y=(H, &)y, v=(B)">v, . (30)

Reduces the problem to the minimization problem (0-11) in Theorem (2.1).

Substituting the values of X, y, v above in equation (12) and simplifying, we obtain

Hi—B, - YV B+ BV Ve | o VYe |, Ve B Yk

Vi Yi VeV VY VY

The right hand side of this formula is identical to the one in (4) by using the 2" set of
transformation of variables given in (30). Consequently,

H = B,},. This completes the proof.

3 Dual of the trace determinant function for

minimization problems in Quasi- Newton methods:
In this section, we have proposed two dual problems for the trace determinant
function minimization problems. As we will see, the optimal solution to the dual
problem is directly related to the Al-Bayati [1] update formula. Similar results also
hold true for the Oren [6] update formula. The following theorem (3.1) is given in [7].

Theorem 3.1:
Let X,,Y,eS". The following minimization problem are duals of each other,
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1
(P) min §||X‘ S (32)
Xey,+V
1 2
D _ _
@  minZy-yf (33)
yex,+V*

If (P) and (D) both have feasible positive definite solutions, then they optimal
solutions and the strong duality theorem holds true. Furthermore, the optimal

solutions of (P) and (D) are inverses of each other, that is, Y = ()7()*l where X and Y
are the optimal solutions of (P) and (D), respectively. The following corollary is
immediate, using the choices X, =H,,Y, €S" is any matrix satisfying the condition
BV, = ¥, (such as Y, = y, Yy /v, ¥i)). and I ={BeS": By, =0}[7].

Corollary 3.2:
Let v,, VY., H, and H,,, be defined as in Corollary (2.2). H, , in the Al-Bayati

update formula (7) is the optimal Y to the minimization problem
min (Y,,Y)— IndetY

Y=H/p+Alp+v A lp, 1eR".

Thus, we obtain here a new result that the Al-Bayati updating formula B, , and

H,., =B, come from the primal dual problem (24) and (34), respectively. A
similar result holds for the Oren updating formula.

4 Conclusions

Different measures lead to different Variable Metric or (Quasi-Newton) formulas. The
idea may be extended for any positive definite symmetric matrix of Variable Metric class
based on the trace determinant functions.

5 OpenProblems

As we mentioned in [8], Biggs VM-update can be expressed as.
H o :CD{HK _Hs +SkyIHk}+Q{SkSI {“ yIHkka (35)

Sk Vi Sy Vi Sy Vi
where @ and Q are selected in such away so that they satisfy the Quasi-Newton like
condition, this is can be further analyized as:

HkalGS :{Hk _ Hkyksg +SkyIHk}+{sks: |:1+ yIHkyk:|} .......... (36)

T T T
Sk Yk Sk Yk Sk Yk
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In formula (36) Biggs update satisfy the least change property with respect to the new

measure and it can be further expressed as a Projected-BFGS update or as a hybrid
standard CG- Projected BFGS update.
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