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Abstract

In this paper we obtain sufficient conditions for univalence of
analytic functions defined by the linear operator RIαn,λ,l : A → A,
RIαn,λ,lf(z) = (1− α)Rnf(z) + αI (n, λ, l) f(z), z ∈ U, where Rnf(z) is the
Ruscheweyh derivative, I (n, λ, l) the multiplier transformation and
An = {f ∈ H(U) : f(z) = z + an+1z

n+1 + . . . , z ∈ U} is the class of
normalized analytic functions with A1 = A.

Keywords: differential operator, analytic functions, univalent functions.
2000 Mathematical Subject Classification: 30C45, 30A20, 34A40.

1 Introduction

Denote by U the unit disc of the complex plane, U = {z ∈ C : |z| < 1} and
H(U) the space of holomorphic functions in U .

Let An = {f ∈ H(U) : f(z) = z + an+1z
n+1 + . . . , z ∈ U} with A1 = A

and S the subclass of functions that are univalent in U .

Definition 1.1. (Ruscheweyh [23]) For f ∈ A, n ∈ N, the operator Rn is
defined by Rn : A → A,

R0f (z) = f (z)

R1f (z) = zf ′ (z) , ...

(n+ 1)Rn+1f (z) = z (Rnf (z))′ + nRnf (z) , z ∈ U.



On univalence criteria for analytic functions ... 15

Remark 1.2. If f ∈ A, f(z) = z +
∑∞

j=2 ajz
j, then Rnf (z) = z +∑∞

j=2
(n+j−1)!
n!(j−1)! ajz

j, z ∈ U .

Definition 1.3. For f ∈ A, n ∈ N, λ, l ≥ 0, the operator I (n, λ, l) f(z) is
defined by the following infinite series

I (n, λ, l) f(z) = z +
∞∑
j=2

(
λ (j − 1) + l + 1

l + 1

)n
ajz

j.

Remark 1.4. It follows from the above definition that

I (0, λ, l) f(z) = f(z),

(l + 1) I (n+ 1, λ, l) f(z) = (l + 1− λ) I (n, λ, l) f(z) + λz (I (n, λ, l) f(z))′ ,

z ∈ U.

Remark 1.5. For l = 0, λ ≥ 0, the operator Dn
λ = I (n, λ, 0) was introduced

and studied by Al-Oboudi [15], which is reduced to the Sălăgean differential
operator [24] for λ = 1.

Definition 1.6. [7] Let α, λ, l ≥ 0, n ∈ N. Denote by RIαn,λ,l the operator
given by RIαn,λ,l : A → A,

RIαn,λ,lf(z) = (1− α)Rnf(z) + αI (n, λ, l) f(z), z ∈ U.

Remark 1.7. If f ∈ A, f(z) = z +
∑∞

j=2 ajz
j, then

RIαn,λ,lf(z) = z +
∑∞

j=2

{
α
(

1+λ(j−1)+l
l+1

)n
+ (1− α) (n+j−1)!

n!(j−1)!

}
ajz

j, z ∈ U.
This operator was studied also in [13], [14].

Remark 1.8. For α = 0, RI0m,λ,lf(z) = Rmf(z), where z ∈ U and for
α = 1, RI1m,λ,lf (z) = I (m,λ, l) f (z), where z ∈ U , which was studied in
[3], [4], [10], [9]. For l = 0, we obtain RIαm,λ,0f (z) = RDm

λ,αf (z) which was
studied in [5], [6], [11], [12], [16], [17] and for l = 0 and λ = 1, we obtain
RIαm,1,0f (z) = Lmα f (z) which was studied in [1], [2], [8].

Our considerations are based on the following results.

Lemma 1.9. [18] Let f ∈ A. If for all z ∈ U

(
1− |z|2

) ∣∣∣∣zf ′′ (z)

f ′ (z)

∣∣∣∣ ≤ 1,

then the function f is univalent in U.
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Lemma 1.10. [21] Let f ∈ A. If for all z ∈ U∣∣∣∣z2f ′ (z)

f 2 (z)
− 1

∣∣∣∣ ≤ 1,

then the function f is univalent in U.

Lemma 1.11. [25] Let µ be a real number, µ > 1
2

and f ∈ A. If for all
z ∈ U ∣∣∣∣(1− |z|2µ) zf ′′ (z)

f ′ (z)
+ 1− µ

∣∣∣∣ ≤ µ,

then the function f is univalent in U .

Lemma 1.12. [20]If f (z) ∈ S and

z

f (z)
= 1 +

∞∑
n=1

bnz
n,

then
∞∑
n=1

(n− 1) |bn|2 ≤ 1.

Lemma 1.13. [22] Let ν ∈ C, Re (ν) ≥ 0 and f ∈ A. If for all z ∈ U(
1− |z|2Re(ν)

)
Re (ν)

∣∣∣∣zf ′′ (z)

f ′ (z)

∣∣∣∣ ≤ 1,

then the function

Fν (z) =

(
ν

∫ z

0

uν−1f ′ (u) du

) 1
ν

is univalent in U .

2 The main result

Following the paper of M. Darus and R. Ibrahim [19], we establish the sufficient
conditions to obtain a univalence for analytic function involving the differential
operator RIαn,λ,l.

Theorem 2.1. Let f ∈ A. If for all z ∈ U,
∞∑
j=2

{
α

(
1 + λ (j − 1) + l

l + 1

)n
+ (1− α)

(n+ j − 1)!

n! (j − 1)!

}
[j (2j − 1)] |aj| ≤ 1.

(1)
Then RIαn,λ,lf (z) is univalent in U .
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Proof Let f ∈ A. Assume that (1) is hold. Then for all z ∈ U we have

(
1− |z|2

) z (RIαn,λ,lf (z)
)′′(

RIαn,λ,lf (z)
)′ ≤ (1 + |z|2

) ∣∣∣∣∣z
(
RIαn,λ,lf (z)

)′′(
RIαn,λ,lf (z)

)′
∣∣∣∣∣ =

(
1 + |z|2

) ∣∣∣∣∣∣
z
∑∞

j=2

{
α
(

1+λ(j−1)+l
l+1

)n
+ (1− α) (n+j−1)!

n!(j−1)!

}
j (j − 1) ajz

j−2(
1 +

∑∞
j=2

{
α
(

1+λ(j−1)+l
l+1

)n
+ (1− α) (n+j−1)!

n!(j−1)!

}
jajzj−1

)
∣∣∣∣∣∣ ≤

2
∑∞

j=2

{
α
(

1+λ(j−1)+l
l+1

)n
+ (1− α) (n+j−1)!

n!(j−1)!

}
j (j − 1) |aj|

1−
∑∞

j=2

{
α
(

1+λ(j−1)+l
l+1

)n
+ (1− α) (n+j−1)!

n!(j−1)!

}
j |aj|

≤ 1.

Thus, in view of Lemma 1.9, RIαn,λ,lf (z) is univalent in U .

Theorem 2.2. Let f ∈ A. If for all z ∈ U ,

∞∑
j=2

{
α

(
1 + λ (j − 1) + l

l + 1

)n
+ (1− α)

(n+ j − 1)!

n! (j − 1)!

}
|aj| ≤

1√
7
. (2)

Then RIαn,λ,lf (z) is univalent in U .

Proof Let f ∈ A. Assume that (2) is hold. It is sufficient to show that∣∣∣∣∣z2
(
RIαn,λ,lf (z)

)′(
RIαn,λ,lf (z)

)2 − 1

∣∣∣∣∣ ≤ 1,

which is equivalent to show that∣∣∣∣∣z2
(
RIαn,λ,lf (z)

)′
2
(
RIαn,λ,lf (z)

)2
∣∣∣∣∣ ≤ 1.

We have

∣∣∣∣ z2(RIαn,λ,lf(z))′2(RIαn,λ,lf(z))
2

∣∣∣∣ =

∣∣∣∣ z2(1+∑∞j=2{α( 1+λ(j−1)+l
l+1 )

n
+(1−α) (n+j−1)!

n!(j−1)! }jajzj−1)

2(z+
∑∞
j=2{α( 1+λ(j−1)+l

l+1 )
n
+(1−α) (n+j−1)!

n!(j−1)! }ajzj)
2

∣∣∣∣ =∣∣∣∣∣ 1+
∑∞
j=2{α( 1+λ(j−1)+l

l+1 )
n
+(1−α) (n+j−1)!

n!(j−1)! }jajzj−1

2

(
1+
∑∞
j=2{α( 1+λ(j−1)+l

l+1 )
n
+(1−α) (n+j−1)!

n!(j−1)! }ajzj−1+(
∑∞
j=2{α( 1+λ(j−1)+l

l+1 )
n
+(1−α) (n+j−1)!

n!(j−1)! }ajzj−1)
2
)
∣∣∣∣∣

≤
1+
∑∞
j=2{α( 1+λ(j−1)+l

l+1 )
n
+(1−α) (n+j−1)!

n!(j−1)! }j|aj |
2(1−2

∑∞
j=2{α( 1+λ(j−1)+l

l+1 )
n
+(1−α) (n+j−1)!

n!(j−1)! }|aj |−(
∑∞
j=2{α( 1+λ(j−1)+l

l+1 )
n
+(1−α) (n+j−1)!

n!(j−1)! }|aj |2))
which is less than 1 if the assertion (2) is hold. Thus in view of Lemma 1.10,
RIαn,λ,lf (z) is univalent in U .
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Theorem 2.3. Let f ∈ A. If for all z ∈ U
∞∑
j=2

j [2 (j − 1) + (2µ− 1)] ·

{
α

(
1 + λ (j − 1) + l

l + 1

)n
+ (1− α)

(n+ j − 1)!

n! (j − 1)!

}
|aj| ≤ 2µ− 1, µ >

1

2
. (3)

Then RIαn,λ,lf (z) is univalent in U .

Proof Let f ∈ A. Then for all z ∈ U we have∣∣∣∣∣(1− |z|2µ) z
(
RIαn,λ,lf (z)

)′′(
RIαn,λ,lf (z)

)′ + 1− µ

∣∣∣∣∣ ≤ (1 + |z|2µ
) ∣∣∣∣∣z

(
RIαn,λ,lf (z)

)′′(
RIαn,λ,lf (z)

)′
∣∣∣∣∣+ |1− µ|

≤
2
∑∞

j=2

{
α
(

1+λ(j−1)+l
l+1

)n
+ (1− α) (n+j−1)!

n!(j−1)!

}
j (j − 1) |aj|

1−
∑∞

j=2

{
α
(

1+λ(j−1)+l
l+1

)n
+ (1− α) (n+j−1)!

n!(j−1)!

}
j |aj|

+ |1− µ|

the last inequality is less that µ if the assertion (3) is hold. thus, in view of
Lemma 1.11, RIαn,λ,lf (z) is univalent in U .

As applications of Theorems 2.1, 2.2 and 2.3 we have the following result

Theorem 2.4. Let f ∈ A. If for all z ∈ U one of the inequalities (1-3)
holds, then

∞∑
j=1

(j − 1) |bj|2 ≤ 1,

where
z

RIαn,λ,lf (z)
= 1 +

∞∑
j=1

bjz
j.

Proof Let f ∈ A. Then, in view of Theorems 2.1, 2.2 or 2.3, RIαn,λ,lf (z)
is univalent in U . Hence, by Lemma 1.12 we obtain the result.

Theorem 2.5. Let f ∈ A. If for all z ∈ U,
∞∑
j=2

j [2 (j − 1) +Re (ν)] ·

{
α

(
1 + λ (j − 1) + l

l + 1

)n
+ (1− α)

(n+ j − 1)!

n! (j − 1)!

}
|aj| ≤ Re (ν) , Re (ν) > 0.

(4)
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Then

Gν (z) =

(
ν

∫ z

0

uν−1
(
RIαn,λ,lf (u)

)′
du

) 1
ν

is univalent in U.

Proof Let f ∈ A. Then for all z ∈ U , we have(
1− |z|2Re(ν)

)
Re (ν)

∣∣∣∣∣z
(
RIαn,λ,lf (z)

)′′(
RIαn,λ,lf (z)

)′
∣∣∣∣∣ ≤

(
1 + |z|2Re(ν)

)
Re (ν)

∣∣∣∣∣z
(
RIαn,λ,lf (z)

)′′(
RIαn,λ,lf (z)

)′
∣∣∣∣∣ ≤

2

Re (ν)

∑∞
j=2

{
α
(

1+λ(j−1)+l
l+1

)n
+ (1− α) (n+j−1)!

n!(j−1)!

}
j (j − 1) |aj|

1−
∑∞

j=2

{
α
(

1+λ(j−1)+l
l+1

)n
+ (1− α) (n+j−1)!

n!(j−1)!

}
j |aj|

.

The last inequality is less than 1 if the assertion (4) is hold. Thus, in view of
Lemma 1.13, Gν (z) is univalent.

3 Open Problem

Find other sufficient conditions for univalence of analytic functions defined by
this differential operator.
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[11] A. Alb Lupaş, On special differential superordinations using a
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